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Abstract. A Boolean function is said to be correlation immune if its
output leaks no information about its input values. Such functions have
many applications in computer security practices including the construc-
tion of key stream generators from a set of shift registers. Finding meth-
ods for easy construction of correlation immune functions has been an
active research area since the introduction of the notion by Siegenthaler.
In this paper we study balanced correlation immune functions using the
theory of Hadamard matrices. First we present a simple method for di-
rectly constructing balanced correlation immune functions of any order.
Then we prove that our method generates exactly the same set of func-
tions as that obtained using a method by Camion, Carlet, Charpin and
Sendrier. Advantages of our method over Camion et al’s include (1) it
allows us to calculate the nonlinearity, which is a crucial criterion for
cryptographically strong functions, of the functions obtained, and (2) it
enables us to discuss the propagation characteristics of the functions.
Two examples are given to illustrate our construction method. Finally,
we investigate methods for obtaining new correlation immune functions
from known correlation immune functions. These methods provide us
with a new avenue towards understanding correlation immune functions.

1 Introduction

The main component of a stream cipher is a key stream generator which produces
from a random seed a sequence of pseudo-random bits. These pseudo-random bits
are added modulo 2 to bits in a plaintext and the resulting stream, a ciphertext,
is sent to a receiver. The receiver can recover the plaintext by adding modulo 2
to the ciphertext the output of the stream generator with the same seed.
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A common method for obtaining key stream generators is to combine a set
of shift registers with a nonlinear function. Blaser and Heinzmann [1] observed
that if the combining function leaks information about its component functions,
then the work needed in attacking the cryptosystem can be significantly reduced.
This idea was further developed by Siegenthaler in [8] where a new concept called
correlation immune functions was introduced. Since then the topic has been an
active research area and correlation immunity has become one of the central
design criteria for stream ciphers based on shift registers [4, 5].

For practical applications, finding methods for easy construction of corre-
lation immune functions is of most importance. In [8] Siegenthaler presented
the first method for constructing (balanced) correlation immune functions. His
method is recursive in nature and hence not very satisfactory in practical appli-
cations. Camion et al studied correlation immune functions from the point view
of algebraic coding theory, and presented a method for constructing correlation
immune functions of any order [2].

In this paper we study correlation immune functions using the theory of
Hadamard matrices. First we present a method for directly constructing balanced
correlation immune functions of any order. We then prove that our method
generates exactly the same set of correlation immune functions as that obtained
using Camion et al’s method. Advantages of our method over Camion et al’s
include that, in addition to their orders of correlation immunity and algebraic
degrees, it gives the nonlinearity and propagation characteristics of the functions
obtained. We also study methods for constructing correlation immune functions
on a higher dimensional space by combining known correlation immune functions
on a lower dimensional space. The nonlinearity of functions thus constructed is
also investigated.

The organization of the rest of the paper is as follows. Section 2 introduces
notations and definitions that are needed in the paper. Section 3 reviews the
previous construction methods for correlation immune functions. Qur new con-
struction method is described in Section 4. In the same section we also prove
that the new construction method generates exactly the same set of correla-
tion immune functions as that by Camion et al’s method. Section 5 discusses
the algebraic degree, nonlinearity and propagation characteristics of functions
obtained using the new method. Two examples are shown in the same section.
Section 6 is devoted to the combination of known correlation immune functions.
Three combination methods are shown in the section, among which the first
one can be viewed as an extension of the new construction method described in
Section 4. The paper concludes with some remarks in Section 7.

2 Preliminaries

We consider V;,, the vector space of m tuples of elements from GF'(2). Note that
there is a natural one to one correspondence between vectors in V,,, and integers
in [0, 2™ —1]. This allows us to order the vectors according to their corresponding



integer values. For convenience, we denote by «; the vector in V,,, whose integer
representation is .

Let f be a function from V, to GF(2) (or simply a function on V,;,). Since
f can be expressed as a unique polynomial in m coordinates 1, s, ..., Tm,
we will identify f with its unique multi-variable polynomial f(z) where z =
(z1,%2,-..,%m)- To distinguish between a vector of coordinates and an individual
coordinate, the former will be strictly denoted by w, x, y or z, while the later
strictly by w;, x;, y;, 2; or u, where i is an index. The algebraic degree of f is
defined as the number of coordinates in its longest term when it is represented
in the algebraic normal form. f is called an affine function if it takes the form
of f(z) =a1x1 & - ® amam ® ¢, where a;, ¢ € GF(2). In particular, f is called
a linear function if ¢ = 0.

The sequence of f on V,, is a (1, —1)-sequence defined by ((—1)/(@0) (=1)f(@1)
<oy (=1)f@2m 1)) "and the truth table of f isa (0, 1)-sequence defined by (f (),
flar), ..., flaam_1)). f is said to be balanced if the truth table of f has 2™~!
zeros (ones).

The following notation will be used in this paper. Let a = (a1, -, a.,) and
B = (b1,---,bm) be two vectors (or sequences), the scalar product of o and £,
denoted by (a, ), is defined as the sum of the component-wise multiplications.
In particular, when « and 8 are from V,, (a,8) = a1b1 @ -+ ® amby, where
the addition and multiplication are over GF(2), and when « and 8 are (1,—1)-
sequences, (o, 3) = > 1" a;b;, where the addition and multiplication are over
the reals.

Now we introduce the concept of correlation immune functions, the central
topic treated in this paper. Let f be a function on V,,. Let X be a random
variable taking on values z € V,, with uniform probability 27, let X; be the
random variable corresponding to the ith coordinate value z; € GF(2), and let
Y be the random variable produced by the function f, ie., ¥ = f(X). f is
said to be a kth-order correlation immune function if the random variable Y is
statistically independent of any subset X;,, X,,, ..., X, of k coordinates [§].

Xiao and Massey gave an equivalent definition for correlation immunity in
terms of Walsh transformations [3]. The Walsh transformation f of a function
f on 'V, is defined as the real-valued function

i8) = 3 f)(-1)e,

TEVm

where 3 € V,,,. Note that in the sum, f(z) and (3, z) are regarded as real-valued
functions.

Definition 1. Let f be a function on Vy,. f is a kth-order correlation immune
function if its Walsh transformation satisfies f(8) = 0 for all 8 € V,, with
1 < W(B) <k, where W (3) indicates the Hamming weight of, i.e., the number
of the nonzero components in, a vector 3.

A relevant topic, correlation immune functions with memory, was studied
in [4]. The next lemma is useful for constructing correlation immune functions
with a view to using Hadamard matrices.



Lemma2. Let g be a function on V,, and let n be its sequence. Also let © =
(z1,%2,...,%m). Then g is a kth-order correlation immune function if and only
if (n,€) =0 for any £, where € is the sequence of a linear function h(z) = («a, )
on Vi, constrained by 1 < W(a) < k.

Proof. Note that

(n,0) = Z (_l)y(x)(_l)h(x) _ Z (_1)g(m)+(a7x)

2EVm 2EVm
= Y )0 2 Y g1
2EVm 2EVm
= —2g(a).
Thus (n,¢) = 0 if and only if g(a) = 0 (See also Section 4.2, [2]). O

The order k of correlation immunity of a function on V;, and its algebraic
degree d are constrained by the relation k+d < m. The only functions on V;,, that
achieve the maximum (m — 1)th-order correlation immunity are g(z1,..., &) =
1D - Dy and g(x1,...,2y) =21 D - Dy B 1, both of which are affine.
For balanced functions, if k # 0 or m — 1, the relation becomes k +d < m — 1
[8].

Next we introduce a fundamental combinatorial structure, the Hadamard
matriz. Properties of Hadamard matrices will be very useful in our constructions
of correlation immune functions. A (1, —1)-matrix H of order m is called a
Hadamard matrix if HHT = ml,,, where H” indicates the transpose of H
and I, is the identity matrix of order m. It is well known that the order m
of an Hadamard matrix is 1, 2 or divisible by 4 [9, 6]. In this paper we will
use a special kind of Hadamard matrices called Sylvester-Hadamard matrices or
Walsh-Hadamard matrices. A Sylvester-Hadamard matrix (or Walsh-Hadamard
matrix) of order 2™, denoted by H,,, is generated by the following recursive
relation
1 1

Hy=1,H, = {1_1

:| ®Hm,1,m = ].,2,...

where ® denotes the Kronecker product. Note that H,, can be written as H,, =
H;® H,; for any nonnegative integers s and ¢ with s+t = m. Sylvester-Hadamard
matrices are closely related to linear functions, as is shown in the following
lemma.

o
2

Lemma3. Write H,, = | . where £; is a row of Hy,. Then {; is the
lym _q

sequence of a linear function h; = {a;,z), where x = (z1,...,2m) and «; is

a vector in Vy, as defined in the first paragraph of this Section. Conversely the
sequence of any linear function on V,, is a row of H,,.



A proof for the first half of the lemma can be found in [7]. The second half is
true by noting the fact that H,, has 2" distinct rows and that there are exactly
2™ distinct linear functions on V,,,. Thus the rows of +H,,, comprise all the affine
sequences of length 2.

Next we introduce a notation which is used throughout the rest of the paper.

Given any vector § = (i1,...,is) € Vi, we define a function on Vy by
Ds(y) = (1 ®i1) - (ys D is)
where y = (y1,...,ys) and i = 1 @i indicates the binary complement of i. Note
that since Ds(y) = 1 if and only if y = §, a function f on V1 can be expressed
as
0EVS
where © = (z1,...,1).

Lemmad. Let f(y,z) = @scy, Ds(y)fs(z) and g(y,x) = Djey, Ds(y)gs(w)
where y = (y1,.-.,Ys),and x = (x1,-..,x). Then f = g if and only if f5 = gs

for all 6 € V.

Proof. f = g if and only if f(d,z) = g(0,z) for all § € V,. Note that since
Ds(y) = 1if and only if y = 4§, we have f(d,z) = f5(x) and g(d,z) = gs(x) for
all 6 € V;. O

The following lemma can be found in [7].

Lemma5. Let&;,..q,, (i1,...,ip) €V}, be the sequence of a function fi ... (21,...

on Vy. Let £ be the concatenation of &y...00, &o..01, ---, &1, namely, & =
(&0---005 €001, - - -, &1..11). Then & is the sequence of a function on Vi, given

by

f(yla-'-aypa'rla"'axq): @ Dil"-ip(yla'-'7yp)fi1'“ip(m17-'-7'rq)'
(11:+1p)EVp

Let @ = (a1, az,...,a,) € V,, and 8 = (b1, ba,...,bn) € Vy,. The Kronecker
product of o and 8, denoted by a® 8, is defined as a® 8 = (a1 8, a20, - - ., amfB)-
The following lemma will be used in the rest of the paper.

Lemma6. Let & be the sequence (or truth table) of a function f on 'V, andn be
the sequence (or truth table) of a function g on V,,,. Then £ @ n is the sequence
(or truth table) of the function o(y,z) = f(y) @ g(z) on Viim.

Proof. For any fixed y = a € V,, we have p(a, z) = f(a) ® g(z). O

The propagation characteristic is another nonlinearity measure for crypto-
graphic functions. A function satisfies the propagation criterion of order k if
complementing k or less input coordinates results in the output being com-
plemented half the times over all input vectors. The formal definition for the
propagation criterion follows.



Definition 7. Let f be a function on V,,. We say that f satisfies

1. the propagation criterion with respect to a non-zero vector « in Vy, if f(z) ®
f(z ® «) is a balanced function.

2. the propagation criterion of degree k if it satisfies the propagation criterion
with respect to all @ € V,, with 1 < W(a) < k.

3 Previous Constructions

Siegenthaler presented a recursive construction in his pioneering work [8]. Let f;
and f5 be kth-order correlation immune functions on V;,,. Then the concatenation
of their sequences results in a new correlation immune function, namely,

flu,2) = (we 1) f1(z) ® ufa(z) (1)

is a kth-order correlation immune function on Vj,4+1, where w is a variable on
GF(2) and z = (z1, 22, ..., Tm).

Camion et al [2] observed that in Siegenthaler’s construction, if the Walsh
transformations of f; and f> satisfy the condition

FiA) + f2(A) = 0, for all X € V,,, with W()) =k,

then the order of the correlation immunity of f is improved to k+1. In particular,
they show the following two pairs of functions satisfy the condition:

1. g(z) and 1 ® g(z);
2. g(x) and ¢(Z), where Z = (1@ 21,1 D za,...,1 D xp);

where g is a kth-order correlation immune function on V,,,. Note that 1 & g(x)
complements the output, while ¢(Z) complements the input. Therefore, both

f(@) = (e Dg(z) u(log(r)) =udg(r) (2)

and

f(@) = (ue 1)g(r) ® ug(z) = g(v) S ulg(z) ® g(7)) (3)

are (k 4+ 1)th-order correlation immune functions on Vp,41.

In the same paper, Camion et al also discovered a method for direct con-
struction of correlation immune functions. Let m and n be positive integers with
m > n. Let r and p;, j = 1,2,...,n be arbitrary functions on V,,_,. Also let
x=(1,22,.-,Zn) and ¥y = (y1,Y2, - - -, Ym—n)- Set

fly,x) = @ zip;i(y) ®r(y). (4)

Then the function f defined in (4) is a balanced kth-order correlation immune
function on V;,, where k is an integer satisfying & > min{W (P(y))|ly € Vin—n}—

L, and P(y) = (p1(¥), p2(¥), - - -, Puly))-



4 A New Construction

Let m and n be positive integers with m > n. Suppose that ., , = {©0...0, Y01, - - -

is a set containing 2™~ " linear functions on V,,, each is indexed by a vector in
Vin—n- @m,n can be a multi-set and hence a linear function is allowed to appear
more than once in @y, . Let = (z1,22,...,20), ¥y = (Y1,Y2,-- -, Ym—n) and r
be an arbitrary function on V,,_,. Set

9.x) = P Dsw)es(z) @r(y) (5)

0EVin—n

The following corollary is a consequence of Theorem 9 and Corollary 10 to
be stated below, though it can be proved directly.

Corollary 8. The function g defined in (5) is a balanced kth-order correlation
immune function on V,,,, where k is an integer satisfying k > min{W (vs)|d €
Vim—n} —1, vs(x) = (5, 2) € P and 5 € V.

Theorem 9. The constructions (4) and (5) express the same set of functions.

Proof. Let Sy be the set of functions generated by (4) and S» the set of functions
generated by (5).

First we prove that S; C S» by showing that a function obtained by (4) can
always be represented in the form of (5). Let

fy,z) = P zipiy) & ry)
j=1
be a function in S;. For any § € V,,,_,, we have
F6,2) = P zp;(6) & r(9).
j=1

Since p;(6) € GF(2),j =1,...,n, @)_, z;p;(9) is a linear function on V,,. Now
let

ps(x) = @%‘%‘(5),

and let

9, x) = P Dswps(z) &r(y).

0EVm—n

Note that Ds(y) = 1 if and only if y = §. Thus we have
900,x) = ps5(z) & r(d) = f(6,2).

Since § is arbitrary, by Lemma 4 we have

fly,z) = g(y, ).

7901--'1}



Consequently, f(y,z) can be represented in the form of (5). This means that
S; CS,.

Next we show that a function obtained by (5) can be represented in the form
of (4). This will prove that S2 C S;. Let

9.x) = P Ds(w)ps(x) ®r(y)

0EVm_n
be a function in S;. Let é be an arbitrary vector in V,,,_,, and let
0s(T) = 5,181 B - D as Ty (6)
Now let p;, j = 1,2,...,n, be a function on V;,_, such that
p;i(6) = as;

for all § € V,;,—p,. Also let P = (p1,...,pn) be a mapping from V,,,_,, to V,, such
that

P(6) = (p1(6),---,pn(9)) (7)

for all § € V,;,_,,. Now we define a function on V,,, in the following way
n
fly,z) = P zpi(y) ®r(y).
j=1

Again since Ds(y) = 1 if and only if y = §, we have
9(0,2) = ps(x) ©r(9).
By (6) and (7) we have

70,2 = Pawi(0) @ 1(0) = Prjas; @1(0) = pae) & 7() = 9(6,).

Since ¢ is arbitrary, by Lemma 4 we have

9(y,z) = f(y,z).

This implies that g(y,z) can be presented in the form of (4) and thus S, C 5.
This completes the proof that Sy = Ss. a

Corollary 10. In the proof of Theorem 9
min{W(Py))|ly € Vin—n} — 1 = min{W(ys)|0 € Vi_n} — 1.

where @5(x) = (V5,2) = a5121 B -+ B agptn and v5 = (as1,...,a5,) are the
same as in the proof of Theorem 9.

Proof. From (7) we have P(d) = (as,1,.-.,as,), and from (6) we have p5(z) =
a5,121D- - -Das nTn, = (s, ). Thus we have P(d) = 75 and hence min{W (P(y))|y €
Vinen} — 1 =min{W(ys)|0 € Vi_n} — 1. O



5 Applying the New Construction

For integers k and n with 0 < k < n, let (2;, , denote the set of linear functions
on V,, that have k + 1 or more non-zero coefficients, namely

Pin = {ole(x) = (B,2),8 € Vo, W(B) 2 k + 1} (8)

where = (21,...,xy). This set of functions will be used in our constructions
of correlation immune functions.

5.1 Balanced Functions with Given Immunity

Given two integers m and k with m > 3 and 1 < k < m — 1, balanced kth-order
correlation immune functions on V;, can be constructed in the following way.

1. Fix an integer n such that £k <n < m.

2. Create a set @, ,, by selecting linear functions strictly from (2}, ,,. Note that
the size of @,y , is 2™~ ", and repetition is permitted in the selection.

3. Construct a function by using the method (5).

By Corollary 8, we have

Theorem 11. A function constructed according to the above three steps is a
balanced kth-order correlation immune function on Vi,.

5.2 Algebraic Degrees

Let k and m be integers with £ > 1 and m > k + 2. As mentioned in Section 2,
the algebraic degree of a balanced kth-order immune correlation functions on
Vin is at most m — k — 1. We are interested in constructing balanced kth-order
correlation immune functions having the maximum algebraic degree m — k — 1.

In order to discuss their algebraic degrees, we construct functions in the
following three steps.

1. Fix an integer n such that m >n >k + 2.
2. Choose a multi-set @y, , = {5 : Vi, = GF(2)|6 € Viy—p} of linear functions
in such a way that it satisfies the following three conditions:

(C1) If ¢ € Dy, then @ € 24, where (24 p, is defined in (8),

(C2) &, contains at least two distinct functions,

(C3) there is a variable z; that appears in an odd number of functions in
@, n- Note that the repetition of functions is counted by the number of
appearance.

3. Employ the set &, , in the construction (5).

Since &, p, is a multi-set, the condition (C1) can be satisfied. On the other
hand, since n > k + 2 and (2, contains more than two functions, the condi-
tion (C2) can also be readily satisfied.



Once the conditions (C1) and (C2) are satisfied, we check @, ,, to see if it sat-
isfies the condition (C3). If not, we modify &,, ,, in the following way. Since &y, p,
satisfies the condition (C2), there are two distinct functions s, (), ps, (z) €
@, - Thus there exists some z; that appears in g, (¢) but not in s, (z). Now
we replace @5, (z) by @5, (). In this way we can modify the function set @, , so
that it satisfies the condition (C3). When the condition (C3) is satisfied, there
is a term Y1 - - - Ym—nz; that appears an odd number of times in a function g
constructed according to the above three steps. This term survives in the final
algebraic normal form representation of g. In other words, the algebraic degree
of gism—n+ 1.

From Theorem 11 and the above discussions, we know that g is a balanced
kth-order correlation immune function of algebraic degree m — n + 1. Thus we
have proved

Theorem 12. Let k, n and m be integers with k > 1 and m > n > k+ 2. Then
a function constructed according to the above three steps is a balanced kth-order
correlation immune function on Vy, of algebraic degree m — n + 1. When n is
chosen as n = k+2, the function achieve the mazimum algebraic degree m—k—1.

5.3 Nonlinearity

Given two functions f and g on V,,, the Hamming distance between f and
g is defined as d(f,g9) = W(f(z) ® g(z)). The nonlinearity of g is defined as
Ny =min;—g ;1 om+1_1 d(f, @) where @o, 1, ..., am+1_1 comprise all the affine
functions on Vj,,. It has been proved that Ny < 2m~! — 2%~ for any function
f on Vp, [7]. Nonlinearity is an crucial criterion for cryptographic functions and
it measures the ability of a cryptographic system using the functions to resist
being expressed as a set of linear equations. If the system could be expressed as
linear equations, it would be easily breakable by various attacks.

Let f; and f> be functions on V,,, & and & be the sequences of f; and fs
respectively. Then (&7, &) = 2 pa1=g(e) L = Lr@rg(e) 1 = 2" = 22 sy (o) |
= 2™ —2d(f, g). This proves the following result which is very useful in the study
of the nonlinearity of functions.

Lemmal3. Let f and g be functions on V,, whose sequences are & and &,
respectively. Then the distance between f and g can be calculated by d(f,g) =

am=t — %<£f7£g>'

Now we calculate the nonlinearity of correlation immune functions constructed
by (5).

Theorem 14. Let m and n be integers with m > n > 2, and let g be a function
constructed by (5). Denote by ts the number of times a linear function @s appears
in Py n, and let t = max{t;|0 € Vin—pn}. Then the nonlinearity of g satisfies
N, > 2m=1 _¢on=1,



Proof. For convenience a vector d € V,,,_,, will be denoted by its corresponding
integer between 0 and 2™~ " —1. In this way, a linear function ¢s5 € @, , indexed
by § is rewritten as ¢; and ts is rewritten as ¢;, where t5 is the number of times
s appears in @,, », and j is the integer representation of §. We first consider the
case when r(y) = 0 in the construction (5), namely

9(y,z) = Do...o(y)po(x) ® - ® D1..1(y)pam-n 1 () 9)

where ¢; € Qb n, Yy = Y1, Ym—n), £ = (T1,...,2,), and Dj,...;, . is defined
in Section 2.

Let h be any affine function on V,,. By Lemma 3, the sequence of h, denoted
by L, is a row of +H,,. Since H,, = H,,_, ® H,, L can be expressed as L =
+0'® (", the Kronecker product of £’ and ¢, where ¢' is a row of H,,, ,, while £"
is a row of H,. Write ¢' as ¢’ = (co,¢1,-.,Cym-n_1). Then L can be rewritten
as L = (col",c1l”, ..., cam—n_1£"). Note that by Lemma 3, £ is the sequence of
a linear function. We denote the linear function by ¢".

Now let (; be the sequence of ¢;, 7 = 0,1,...,2™~" — 1. By Lemma 5,
n=((,C,---,Clom-n_1) is the sequence of g defined in (9). On the other hand,
since the rows of an Hadamard matrix are mutually orthogonal, we have the
following result;:

mo_ 2" if ;= @"
(G %) = {0, otherwise.

Now we discuss (n, L) in the following two cases:

Case 1: there exists a j such that ¢; = ¢" ; since ¢; appears t; times in
Py, the total number of times when ¢; = ¢ is also ¢;. Thus |(n, L)| < t;2™.

Case 2: there exists no j such that ¢; = ¢"; in this case we have |(n, L)| = 0.

Summarizing Cases 1 and 2, we have |(n, L)| < ¢2". By Lemma 13, d(g,h) >
2m=1 —¢27=1 Since h is arbitrary, we have N, > 2m~1 — ¢27~1,

Now consider the more general case when 7(y) # 0 in the construction (5).
Since r is a function of y but not x, the sequence of g takes the form of n =
(e0Co, €11y -, €am—n_1Com—n_1), where e; = (=1)"(®) and a; is a vector in
Vimn—n whose integer representation is ¢. By a similar discussion to the case when
r(y) = 0, we have |(n, L)| < t2™ for any affine sequence L, and hence N, >
2m—l _ gon-l, a

5.4 Propagation Characteristics

This section discusses the propagation characteristics of functions obtained by (5).
For convenience, the construction method is repeated here:

9,x) = P Ds(y)es(x) ®r(y)

0EVm—n

In the following discussion, we assume that all linear functions s in the con-
struction are distinct.



It is easy to prove that

Ds(y ® B) = Dsap(y)-

Let z = (y,z). Also let 8 € Vi—p, a € V,, and v = (83, a). Then

gzoy) = P Dsly®Ppszda)dry® )

0EVim—n

P WDses)psz®a)dr(y s P

0EVim—n

= P Dsaswesz@a)sriysp)

SDLBEVm—n

Set 0 = d @ 3, we have

9207 = P DiW)psaslzda)®dr(yopB)
0EVm—n

and hence

9(2) @987 = P Doy)(¢s(z) & prepz e a)) &ry) &ry o B).
0EVm—n

Note that for any fixed y = o
(9(2) ® 9(z ® 7))ly=s = o (z) ® poap(zda) ®r(c) Br(c @ B).

Consider the case when 8 # (0,...,0). By assumption s (z) and @ses(x)
are distinct linear functions. Hence ¢, () @ @rap(z ® @) = vo () © @oap(r) ®
wsqpp(c) is a non-constant affine function which is balanced. This shows that
g(z) ® g(z ® ) is balanced for any v = (3, ) with 8 # (0, ...,0). Thus we have
proved

Theorem 15. In the construction (5), if all o5 are distinct linear functions on
Vi, then g satisfies the propagation criterion with respect to all v with v = (8, «a),
BEVim—n, a €V, and B3 # 0.

Note that there are 2™~" — 1 choices for 5 # 0 and 2" choices for all « € V,.
Therefore the total number of vectors with respect to which the function g
satisfies the propagation criterion is at least (2™~™ — 1)2" = 2™ — 2",



5.5 Examples

Theorem 12 gives us a general method to construct balanced correlation immune
functions having any given immunity. The construction method allows us to
easily calculate the algebraic degree and the nonlinearity of the functions, which
is very desirable in designing cryptographic systems. Two concrete examples
follow.

Let n =4 and k = 2. Then

224 = {plp(r) = (B,z),8 € Vi, W(B) > 3}
={r1 BT Px3, T DT DTy, T1 DT3 DTy, To DTz Dy, Ty DTy D3 DXy}

where ¢ = (1,22, %3, 24).

Example 1. We construct a balanced 2nd-order immune function f on V7, which
achieves the maximum algebraic degree of 4. We also calculate the nonlinearity
of the function.

Set
p1(x) = 71 D T2 D T3, P5(2) = 1 ()
P2(T) = 71 D T2 B 74, P6(T) = P2()
p3(T) = 71 © T3 B 74, 7(2) = P3()
pa(T) = T2 ® T3 B 74, 3(2) = P3()
and

¢774 = {9017@27@37@47@57@67@77@8}'

&7 4 is a multi-set whose elements are all taken from (2, 4. In addition, it con-
tains four different functions, and x; appears in seven functions. Thus the three
conditions (C1), (C2) and (C3) are all satisfied.

To complete the construction, let

f(y;x) = Dooo(y)1(x) © Door (y)e2(x) ® Doro(y)es(x) & Do1r(y)ea(z) &
D1oo(y) s (x) ® Dio1(y)ps(x) © Di1o(y)er(x) ® D1 (y)es(z)
= (1D y2y3 D y1y2y3)r1 O (1 D y2 © y2y3 O Y1y2y3)T2 O
(L ®ys D yays)as ® (Y2 D ys S Yo2ys)aa
where y = (y1,y2,y3) and = = (1,22, 23, 24).
By Theorem 12, f is a balanced 2nd-order correlation immune function on
V7 of algebraic degree 4. To calculate the nonlinearity of the function, note that
3 = 7 = g and hence t = max{t;|j = 1,...,8} = 3. By Theorem 14, we have
Ny > 271 —3.2%"1 = 40. Note that the upper bound of the nonlinearity of
balanced functions on V7 is 56 (see Corollary 17 of [7].

Ezample 2. In this example, we construct a balanced 2nd-order immune function
g on Vg. Let

p1(x) =21 B x2 D 23,
02(x) = 2 B T2 D 34,
p3(x) = 1 ® T3 D 24,
p4(x) = 1 ® T2 D T3 D T4,



and
¢674 = {9017 ¥2,¥3, Q04}

Obviously &g 4 satisfies the three conditions (C1), (C2) and (C3).
Let

9y, ) = Doo(y)p1(x) ® Do1(y)p2(x) © Dio(y)ps(z) © Di1(y)ps(z)
=x1 P (1 Dy P y1y2)a:2 D
(1D y2 Dy1y2)r3 © (Y1 © Y2 © Y1y2)24

where y = (y1,¥2) and z = (21, %2, T3, T4).

g is a balanced 2nd-order correlation immune function on Vj. It satisfies the
propagation criterion with respect to all & = (a1, a9,as,a4,as,as) € Vs with
a1 # 0 or az # 0. The algebraic degree of g is 3 and the nonlinearity of g is
Ny > 26—1 _ 24=1 — 924, For comparison, note that the upper bound for the
nonlinearity of balanced functions on Vg is 26 (see [7]).

6 Combination of Correlation Immune Functions

The construction (5) described in Section 4 presents a method for directly con-
structing correlation immune functions of any order. In this section we discuss
three methods for constructing correlation immune functions on a higher dimen-
sional space from existing such functions on a lower dimensional space.

6.1 An Extension of the New Construction

The construction (5) can be extended. Let m,n,k and s be positive integers,
where m > n > k, and let w = (y,2,2), y = W1, -, Ym-n), T = (T1,...,Tp)
and z = (21,...,2). Also let &, = {@0,...,2m-n_1} be a set of linear
functions on V;,, each of which is selected from (2} ,,. Repetition is permitted in
selecting the linear functions. Set

91(Y,7) = Do...o(y)po(x) & -+ ® Di..t1(y)pam-—n_1(z) ®71(y) (10)

where r; is an arbitrary function on V,,,_,. By Corollary 8, g; is a balanced
kth-order correlation immune functions on V,,,.

Now let {fo, ..., fam—n_1} be a set of pth-order correlation immune functions
on Vs. Functions in the set need not be mutually distinct. Set

92(y,2) = Do..o(y) fo(2) & -+ & D1..a(y) fam—n 1(2) D r2(y) (11)

where ro is an arbitrary function on V,,,_,. We further set

9(y,r,2) = g1(y,7) © g2(y, 2) (12)



Theorem 16. The function g(y,x,z) = g1(y,x) ® g2(y, 2) is a balanced (k+p+
1)th-order correlation immune function on V,,+s. The nonlinearity of g satisfies

N, >2m 1 —¢.27(25 1 - N)

where t = max{t;|j = 0,1,...,2™~™ — 1}, t; denotes the number of times that
@; appears in Py, and N = min{Ny,|j =0,1,...,2""" — 1},

Proof. We first consider the case when r(y) = r1(y) ® r2(y) = 0. Note that

9(y,2,2) = Do-o(y)(po(2) ® fo(2)) -+ ® D11 (y) (p2m—n —1(2) D fom—n_1(2))-

Since each ¢; is balanced, each p;(z) & f;(2) is also balanced (see Lemma 20 of
[7]). Hence ¢(y, x, z) is balanced.

Now we show that g is a (k+p-+ 1)th-order correlation immune function. Let
¢; and &; be the sequences of ¢; and f; respectively, j =0,1,...,2™~" — 1. By
Lemma 6 (; ®¢; is the sequence of ¢;(z)® f;(z), and n = ({o®&o, ..., (am-n_1®
&m-n_1) is the sequence of g(y,z, z) (see Lemma 5).

Let h be a linear function on V,,,;s. By Lemma 3, the sequence of h, denoted
by L, is a row of Hy,4s. Since Hy,ys = Hyyy ® Hy, ® Hg, L can be expressed
as L = {1 ® 5 ® f3, where {1 is a row of H,,_p, ¢> is a row of H,, and /3
is a row of Hs. Write ¢4 = (co,¢1,-.-,Com-n_1). Then L can be rewritten as
L= (cola ®UL3,...,com—n_1ls ®L3). Let  be the sequence of g. Then

(n, L) = co(Co ®&o,l2 @ L) 4+ -+ + com—n_1(om-—n_1 @ Em-n_q,lz ®L3)
= co(Co, l2)(&0,l3) + - -+ 4 cam—n_1(Com=—n_1,2)(Eam—n _1,{3).

Write h(w) = (y,w) = (B,y) ® (@, z) © (0, 2), where v = (8,a,0), 8 € Vinn,
a €V, and o € V5. By the definition of the sequence of a function, ¢1, /> and /3
are the sequences of (3,v), (o, z) and (o, z) respectively.

Suppose that W(y) < k + p + 1. Since W(y) = W(3) + W(a) + W(o),
we have W(a) + W(o) < k + p + 1, which implies that either W(a) < k or
W (o) < p. Recall that p; € 24 ,. If W(a) < k, {; and ¢, must be orthogonal,
and hence ((j,€>) = 0. Otherwise if W (o) < p, (§;,f3) = 0, since each f; is a
pth-order correlation immune function. Thus (n, L) = 0. By Lemma 2, g(y, z, z)
is a (k + p + 1)th-order correlation immune function on V5.

To obtain the nonlinearity of the function g, we assume that in the above
discussion h is an arbitrary affine function on V,,,;s. Then L, the sequence of h,
can be expressed as L = +/; ® /> ® {3, and hence

(n, L) = £(co(Co, l2)(€0,l3) + -+ com—n_1{Com—n_1,l2){Eom—n_1,L3)).

By Lemma 5
(§5,03) <2° — 2Ny, <2° —2N.

On the other hand, since the rows of an Hadamard matrix are mutually
orthogonal, we have the following result:

Gt = {0

0 otherwise.



When there is a j such that {; = £2, we have |(n, L)| < ¢-2"(2° —2N). Otherwise
if there is no j such that (; = €, [(n, L)| = 0. In summary, we have |(n, L})| <
t-2"(2° — 2N). By Lemma 5, d(g,h) > 2™t —¢-27(2571 — N). Since h is
arbitrary, N, > 2m=1 —¢.2n(25=1 — N).

By a similar discussion as in the last part of the proof of Theorem 14, the
theorem is true for the more general case when r(y) = 71 (y) ® ra(y) # 0. |

The construction (12) can be considered as an extension of the construc-
tion (5), in the sense that if s = 0 and each function f; is defined as a constant,
the former is reduced to the latter.

6.2 Direct Sum of Two Correlation Immune Functions

Lemmal7. Let f1 be a kith-order correlation immune function on V,,, fo be
a kath-order correlation immune function on Vy,,. Then g(z,y) = fi(z) & f2(y)
is a (k1 + k2 + 1)th-order correlation immune function on Vi, 4n,, where x =

(561,372,...,217”1) andy = (y15y27---ay’n2)'

Proof. Let & and & be the sequences of f; and f> respectively. Then by Lemma 6,
n =& ® & is the sequence of g.

Let ¢ be a linear function on V;,, 4n,. Then ¢ can be written as ¢ = (y,2) =
(a,z) ® (B,y), where z = (2,y),7 = (,) € Viy4ny, @ € Vi, and B € V.
Now let L be the sequence of ¢. By Lemma 3, L is a row of Hy,, 4n,. Since
Hy,4n, = Hy, ® Hy,, L can be expressed as L = {; ® {5, where ¢; is a row of
H,, and /5 is a row of Hy,.

Now we show that ¢; matches the sequence of {«,z), and ¢ matches the
sequence of (3, y). Assume that ¢] is the sequence of (o, z), and £}, is the sequence
of (8,y). By Lemma 6, ] ® ¢} is the sequence of ¢. Thus L = {1 @ l; = 0] @ 05,
By Lemma 3, ¢} is a row of Hy, and ¢} is a row of H,,. This means that ¢; = ¢
and ¢y = {},. Put it in another way, ¢ is the sequence of («,x), and {5 is the
sequence of (8,y).

Now consider v with W (vy) < ky 4 k2 + 1. In this case we have either W (a) <
ky or W(B) < ko. Thus

(n, LY = (& @ &2, b1 @ La) = (&1,01)(&2,L2) = 0.

By Lemma 2, g is indeed a (ki + k2 + 1)th-order correlation immune function on
an +no- O

Lemmal18. Let fi be a function on Vy, and fa be a function on V,,,. Suppose
that their nonlinearities are Ny, = di and Ny, = dy respectively. Then the
nonlinearity of g(x,y) = fi(x) & f2(y) satisfies Ny > d12™ + d22™ — 2d:1d».

Proof. Let &1, &, n, L, £1, €2, ¢ be the same as in the proof of Lemma 17. Let

p1 = (a,z) and 3 = (B,y).
By Lemma 13, we have

1
di = Np, <d(fio) =2 = (6, 6).



Thus
(&,6) <2™ —2d;. (13)
Similarly
(€2, £2) < 2" — 2ds. (14)
Note that the right sides of (13) and (14) are both positive. Thus
(m, L) = (&1 ® &, 1 @ ba) = (&1, 01)(&2, £2) < (2™ —2d1)(2™ —2d3).  (15)
Again by Lemma 13,

1
dg,p) = 247 = S0, L) 2 di2 + da2™ — 2did.

It is easy to see that the right side of (15) is also positive. Thus if L is an affine
sequence (i.e. ¢ is an affine function) (15) still holds. Since ¢ is an arbitrary
affine function we have

Ny > di2™ + dr2™ — 2d,ds.
Therefore the lemma is true. O
Combining Lemmas 17 and 18 and using Lemma 20 of [7] we have

Theorem 19. Let f1 be a kyth-order correlation immune function on V,, and fo
be a kath-order correlation immune function on V,,. Also suppose that Ny, = d;
and Ny, = dy. Then g(x,y) = f1(x)® f2(y) is a (ky + k2 + 1)th-order correlation
immune function on Vy, +n, whose nonlinearity satisfies

Ny > dy 27 + dp2™ — 2dydy,

where © = (1,2, ..., Tpy) and y = (Y1,Y2,- -, Yno)- In particular g is balanced
if either f1 or fo is balanced.

6.3 Combination of Four Correlation Immune Functions

This section show that from four correlation immune functions, we can obtain a
new functions that achieves a higher order of correlation immunity.

Theorem 20. Let fi and fo be pth-order correlation immune functions on Vy,,
and let hy and hy be qth-order correlation immune functions on V,,. Let &1, &,
n and 1y be the sequences of fi, fa, h1 and hy respectively. Let ¢ be a (1,—1)-
sequence obtained from &, &, n1 and ny in the following way:

(= +e)om+ (G -6)on (16)

where + denotes the component-wise integer addition and ® denotes the Kro-
necker product. Then the function corresponding to ¢ is a (p + q + 1)th-order
correlation immune function on Vyqy,.



Proof. Similarly to the proof of Lemma 17, we let ¢ be a linear function on V4,
and L be the sequence of ¢. By Lemma 3, L is a row of H,4,. In addition, ¢ can
be written as ¢ = (v, 2) = (o, z) ® (8, y), where v = (o, 8) € Vipgn, @« € V,,, B €
Vi, 2 = (T1, e, Ty Y1 -+ 5 Yn), T = (1, T2, -, Zm) and y = (y1,y2,- -+, Yn)-
Since Hpyyn = Hyy ® Hy, L can be expressed as L = {1 ® €2, where /1 is a row of
H,,, and /5 is a row of H,,. By the same reasoning as in the proof of Lemma 17,
it can be shown that ¢; is the sequence of («, z), and ¢, is the sequence of (3, y).
Thus we have

(¢, L) = %((fl + &) @n, bl @ 0) + %((51 — &) @, bl ® L)

= 36+ €, ) + (6 — &), 6) . o). a7)

For v € Vipan with W(vy) < p+q+ 1, we have either W (a) < por W(B) < gq.
This implies that either of the following two situations occurs: (1) (&1,41) =0
and (&, €1) = 0, and (2) (1, 02) = 0 and (12, £>) = 0. As a consequence, we have
(¢, L) =0. O

Note that a similar technique to the construction (16) has been used in ob-
taining higher order Hadamard matrices from lower order Hadamard matri-
ces [6].

7 Conclusion

We have studied correlation immune functions using the theory of Hadamard
matrices. In particular, we have presented a new method for directly construct-
ing correlation immune functions. It is shown that the method generates the
same set of functions as that by a method of Camion et al. The new method is
more convenient for use in practice since it allows one to calculate the nonlinear-
ity of functions obtained and to discuss the algebraic degrees and propagation
characteristics of the functions. Three methods for obtaining correlation immune
functions on a higher dimensional space from known correlation immune func-
tions on a lower dimensional space are also presented. We believe that these
various methods of generating correlation immune functions, by direct construc-
tion or by combining known correlation immune functions, will find a wide range
of applications in computer security.
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