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Abstract

The stochastic properties of p-random sequences are
studied in this paper. It is shown that the law of the
wterated logarithm holds for p-random sequences. This
law gives a quantitative characterization of the density
of p-random sets. When combined with the invari-
ance property of p-random sequences, this law is also
useful in proving that some complexity classes have p-
measure ().

1 Introduction

Random sequences were first introduced by von
Mises [17] as a foundation for probability theory. Von
Mises thought that random sequences were a type of
disordered sequences, called “Kollektivs”. The two
features characterizing a Kollektiv are: the existence
of limiting relative frequencies within the sequence and
the invariance of these limits under the operation of
an “admissible place selection”. Here an admissible
place selection is a procedure for selecting a subse-
quence of a given sequence ¢ in such a way that the
decision to select a term &[n] does not depend on the
value of £[n]. But von Mises’ definition of admissi-
ble place selection rules is not rigorous according to
modern mathematics. After von Mises introduced the
concept of “Kollektivs”, the first question raised was
whether this concept is consistent. Wald [23] answered
this question affirmatively by showing that, for each
countable set of admissible place selection rules, the
corresponding set of “Kollektivs” has Lebesgue mea-
sure 1. The second question raised was whether all
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“Kollektivs” satisfy the standard statistical laws. To
provide a negative answer to this question, Ville [22]
constructed a counterexample in 1939. He showed
that, for each countable set of admissible place selec-
tion rules, there exists a “Kollektiv” which does not
satisfy the law of the iterated logarithm. The exam-
ple of Ville defeated the plan of von Mises to develop
probability theory based on “Kollektivs”. Later, ad-
missible place selection rules were further developed
by Tornier, Wald, Church, Kolmogorov, Loveland and
others. This approach of von Mises to define random
sequences is now known as the “stochastic approach”.

A completely different approach to the definition of
random sequences was proposed by Kolmogorov and,
independently, by Chaitin, and further developed by
Levin, Schnorr and others (see, e.g., Uspenskii, Se-
menov and Shen [21]). In this approach, a notion
of chaoticness is used for a definition of random se-
quences: The entropy of a finite string z is defined to
be the length of the minimal string y from which z can
be generated effectively. Then an infinite sequence is
chaotic if all of its initial segments have the maximal
possible entropy (modulo some additive constant).

Finally, Martin-Lof [14] developed a third, quanti-
tative (measure-theoretic) approach to the notion of
random sequences. This approach is free from those
difficulties connected with the frequency approach of
von Mises. The idea underlying this approach is to
identify the notion of randomness with the notion of
typicalness. A sequence is typical if it is in every large
set of sequences, that is, if it is not in any small set
of sequences. Of course, if we take small sets as the
Lebesgue measure 0 sets, then no typical sequence ex-
ists. The solution to this problem given by Martin-Lof
is to define the small sets to be certain constructive
null sets. Later, Schnorr [20] used the martingale con-



cept to give a uniform description of various notions
of randomness. Especially he gave a characterization
of Martin-Lof’s randomness concept in these terms.
He criticized Martin-Lof’s concept as being too strong
and proposed a less restrictive concept as an adequate
formalization of a random sequence instead.

For computational complexity classes, several def-
initions of pseudorandom sequences have been pro-
posed. Schnorr [20] and Ko [10] introduced resource
bounded versions of the notions of Martin-Lof and
Kolmogorov randomness, respectively. More recently,
Lutz [12, 13] further pursued these ideas and systemat-
ically developed a resource bounded measure theory.
In particular, he introduced a feasible measure con-
cept, of which he and others have shown that it is a
natural tool for the quantitative analysis of the class
E of exponential time computable sets.

The law of large numbers and the law of the iter-
ated logarithm, both of which require that all random
sequences should have some stochastic properties (cf.
von Mises’ definition of random sequences), are the
two most important laws in probability theory. They
play a central role in the study of probability the-
ory (see, e.g., [6]) as well as in the study of classical
randomness concepts (see, e.g., [9, 14, 20, 22]). In
the study of classical randomness concepts, the cru-
cial point i1s to ensure that each random sequence
withstands all “standard” statistical tests, hence sat-
isfies the laws mentioned above. We will show that
these two laws hold for p-random sequences also. (In
fact, we can show that all the standard laws (e.g., the
alnn-gap law for @ < 1) in probability theory, which
only depend on the 0-1 distributions within the se-
quences, hold for p-random sequences. However, we
do not carry out this tedious work of verification in
this paper.) These two laws give a quantitative char-
acterization of the density of p-random sets. It is well
known that p-random sets have symmetric density. By
the law of large numbers and by the law of the iter-
ated logarithm for p-random sequences, it is obvious
that p-random sets have a stochastic distribution on
their elements. Hence the density of most intractable
sets is just “one half”. When combined with the in-
variance property of p-random sequences, these laws
are also useful in proving that some complexity classes
have p-measure 0. For details, refer to Wang [25] and
Wang [26].

2 Definitions

N,Q(Q*) and R(R™) are the set of natural num-
bers, the set of (nonnegative) rational numbers and

the set of (nonnegative) real numbers, respectively.
For a real number o € R, [a] denotes the greatest in-
teger less than or equal to a. ¥ = {0, 1} is the binary
alphabet, ¥* is the set of (finite) binary strings, X"
is the set of binary strings of length n, and X is the
set of infinite binary sequences. The length of a string
z is denoted by |z|. < is the length-lexicographical
ordering on ¥*, and z, (n > 0) is the nth string un-
der this ordering. A is the empty string. For strings
x,y € ¥*, xy is the concatenation of z and y, x C y
denotes that z i1s an initial segment of y. For a se-
quence z € ¥* U X* and an integer number n > —1,
2[0..n] denotes the initial segment of length n + 1
(2[0..n] = z if |z| < n + 1) while z[n] denotes the nth
bit of z, i.e., 2[0..n] = 2[0]---2[n]. Lower case let-
ters - -+, k,l,m,n, -+ x,y,z from the middle and the
end of the alphabet will denote numbers and strings,
respectively. The letter b is reserved for elements of
3, and lower case Greek letters £, 7, - - - denote infinite
sequences from 3.

A subset of 3* is called a language or simply a set.
Capital letters are used to denote subsets of ¥* and
boldface capital letters are used to denote subsets of
3%, The cardinality of a language A is denoted by
[|A]|. We identify a language A with its characteristic
function, i.e., z € A iff A(z) = 1. The characteris-
tic sequence of a language A is the infinite sequence
A(z0)A(z1)A(z2) - --. We freely identify a language
with its characteristic sequence and the class of all
languages with the set ¥*°. For a language A C X*
and a string z € ¥*, Az denotes the finite initial seg-
ment of A below z, ie., Alz ={y:y<z & y € A}.
For languages A and B, A = £* — A is the comple-
ment of A, AAB = (A— B)U(B— A) is the symmetric
difference of A and B; And A C B (resp. A C B) de-
notes that A is a subset of B (resp. that A C B and
B¢ A).

If X is a set of strings (i.e., a language) and C is
a set of infinite sequences (i.e., a class of languages),
then X - C denotes the set {w¢ : we X, ¢ € C}. For
each string w, C,, = {w} - X is called the basic open
set defined by w. For a class C of languages, we write
Pr[C] for the probability that A € C when A is chosen
by a random experiment in which an independent toss
of a fair coin is used to decide whether a string is in A.
This probability is defined whenever C is measurable
under the usual product measure on X°°.

We will use P, E and E; to denote the com-
plexity classes DTIM E(poly), DTIM E(2!""¢9") and
DTIM E(2P°), respectively.



3 Resource bounded stochasticity and
the law of large numbers

Von Mises was the first to suggest identifying the
notion of randomness with the notion of stochastic-
ity. But von Mises’ “legal selection rules” were not
formally given. In the past, works in this area were
mainly concentrated on the definition of legal selection
rules. For example, Church [4] suggested that legal
selection rules should be some recursive processes and
Kolmogorov and, independently, Loveland proposed
a stronger form which is now known as Kolmogorov-
Loveland selection rules (see e.g., [21, 26]). Di Paola
[18] considered the notions of stochasticity in subre-
cursive hierarchies. Based on these works, Wilber
[27] introduced a notion of pseudostochasticity for
complexity classes, while there exists a Wilber pseu-
dostochastic set which is not P-immune. 1In [2],
Ambos-Spies et al. introduced a stronger notion of p-
stochasticity. And, at the same time, they showed that
this notion of p-stochasticity is weaker than the notion
of p-randomness and that all p-stochastic sets are P-
immune. It is obvious that p-stochastic sequences sat-
isfy the strong law of large numbers, hence p-random
sequences satisfy the strong law of large numbers.

We will now introduce a fragment of Lutz’s effec-
tive measure theory which will be sufficient for our
investigation.

Definition 3.1 (Ville [22]) A martingale is a func-
tion F': X* — RT such that, for all x € ©*,

F(x1) + F(x0)

Fla)= =12

A martingale F' succeeds on a sequence & € X if
limsup, F(£[0..n—1]) = co. S®[F] denotes the set of
sequences on which the martingale F' succeeds.

Definition 3.2 (Lutz [13]) A set C of infinite se-
quences has p-measure 0 (up(C) = 0) if there is a
polynomial time computable martingale F : ¥* — Q%
which succeeds on every sequence in C. The set C has
p-measure 1 (p,(C) = 1) if pp(C) = 0 for the com-
plement C = {£ € : ¢ ¢ C} of C.

Definition 3.3 (Lutz [13]) A sequence & is p-random
if, for every polynomuial time computable martingale
F, lim, F(£[0.n—1]) < oo, that is, F' does not succeed
on €.

Note that a sequence & is p-random if and only if &
does not belong to any set of p-measure 0, that is, if
and only if the singleton {¢} does not have p-measure

0. Tt should also be noted that Lutz [13] introduced
his p-measure in terms of approximable martingales.
The following lemma shows that it is equivalent to the
above definition.

Definition 3.4 (Lutz [13]) A function F is p-
approximable if there exists a polynomial time com-
putable function h(0", z) such that |F(z)—h(0™, z)| <
27" foralln € N and x € X*.

For the reason of convenience, in the rest of this
paper, unless otherwise stated, we will use h(n,z) to

denote h(0", z).

Lemma 3.5 For each p-approrimable martingale F
and each number n € N, there exists a polynomial
time computable martingale F' such that F'(z) >
F(z) for all x € ©*.

Proof. See Ambos-Spies et al. [3], Juedes and Lutz
[8] or Mayordomo [15]. [

The above p-randomness concept is defined in terms
of typicalness. A p-randomness concept in terms of
stochasticity was introduced by Wilber [27] and was
strengthened by Ko [10] as follows.

Definition 3.6 (Ko [10]) A sequence £ € £ is Ko
p-stochastic if, for every polynomial time computable
total function f: X" — %,

po Ik < E0 k= 1) = NI _ 1

n—>00 n 2

In other words, a sequence & is Ko p-stochastic if
and only if, for each polynomial time computable pre-
diction function f which predicts the nth bit £[n] from
the previous n bits £[0..n — 1], the probability of suc-
cess 18 no better than tossing an unbiased coin.

Theorem 3.7 (Ambos-Spies et al. [2]) There exists
a Ko p-stochastic set A which is not P-immune.

Theorem 3.7 shows that the notion of Ko p-
stochasticity cannot characterize the notion of P-
immunity. In the next theorem, we will point out the
limitation of this notion in terms of martingales.

Definition 3.8 A sequence & is p-exp-random if, for
every polynomial time computable martingale F' and
for every real number ¢ > 1, limsup, (F(£[0..n— 1]) —
") < 0.

Theorem 3.9 Given a sequence £ € ¥*°, £ 1s Ko p-
stochastic if and only if it 1s p-exp-random.



Proof. The proof technique is the same as that in
the proof of Schnorr Satz 18.4 in [20], we will omit the
details here. [

By Theorem 3.9, the notion of Ko p-stochasticity
is just a little stronger than the notion of non-p-
computability, since a sequence ¢ € X*° is polynomial
time computable (that is, £[0..n — 1] is computable
in time n* for some k € N) if and only if there is a
polynomial time computable martingale 7' such that

limsup(F (£[0..n — 1]) — 2") > 0.
n
The above theorems show some limitations of the
notion of Ko p-stochasticity. In [2], Ambos-Spies,
Mayordomo, Wang and Zheng introduced yet an even
stronger notion of p-stochasticity that can characterize
the notion of P-immunity.

Definition 3.10 (Ambos-Spies et al. [2]) A sequence
¢ € X s p-stochastic if, for every polynomial time
computable partial function f : ¥* — X such that {n :
F(&[0..n — 1]) is defined} is an infinite set,

I{k <n:fE0.k-1]) =&k} 1

1m = -

n—oo ||[{k < n: f(E[0..k — 1])is defined}|| 2

Theorem 3.11 (Ambos-Spies et al. [2]) For a set
A C X%, if the characteristic sequence & of A is p-
stochastic, then A 1s E-itmmune.

The following theorem shows that the notion of re-
source bounded stochasticity is a weaker notion when
compared with the notion of resource bounded typi-
calness. This coincides with the relationship between
the corresponding classical (recursive) notions.

Theorem 3.12 (Ambos-Spies et al. [2])
1. If a sequence is p-random, then it is p-stochastic.

2. There 1s a p-stochastic sequence which is not p-
random.

Corollary 3.13 (The law of large numbers, Schnorr
[20]) For each p-random sequence & € X°°,

n= Y €l L

lim = —.
2

4 The law of the iterated logarithm for
p-random sequences

In this section, we prove the law of the iterated log-
arithm for p-random sequences (p-random sets), which

says that both

. n — 2||Alz|| }
U=¢{ACY :limsup—————— =1, and
{ - n—>oop V2nlnlnn

on— 2| Alz|| }
V=<<ACY :Iminf —— = -1
{ - n—oc  /2nlnlnn

have p-measure 1.

There are various applications of the law of the
iterated logarithm. The notion of polynomial time
unsafe approximations for intractable sets was intro-
duced by Yesha [28], and was further investigated by
Duris and Rolim [5] and Ambos-Spies [1]. In Wang
[25] (see also Wang [26]), the law of the iterated loga-
rithm for p-random sequences was used to prove that
both the class of A-levelable sets and the class of sets
which have optimal polynomial time unsafe approxi-
mations have p-measure 0. Hence p-random sets are
not A-levelable. That is to say, for every p-random
set A € E5 and for every polynomial time computable
set B, there 1s another polynomial time computable
set B’ such that

Yk € N In e N ((AAB) | za]l > [[(AAB) | zn| + k).

In other words, no polynomial time computable set
can approximate a p-random set optimally.

We will now introduce some technical tools for the
proof of the law of the iterated logarithm.

In the traditional proof of the law of the iter-
ated logarithm for random sequences, the first and
the second Borel-Cantelli lemmas are used. Lutz
[12] has proved the first Borel-Cantelli lemma for p-
measure: Roughly speaking, let F; (i = 0,1,---) be
a sequence of uniformly polynomial time computable
density functions (the definition will be given below).
If F;(A) < 27¢ for all i, then we can define a mar-
tingale F = Y ;-  F; which is p-approximable by
h(n,z) = Y i, Fi(z) such that, for each sequence
& € X%, 1if € i1s covered by infinitely many F;, then
F succeeds on €.

But in the proof of the law of the iterated logarithm,
we can only define a sequence of density functions Fj;
(i =1,2,--) such that, for each i

Fz(/\) <5 @

where @ > 1. And h(n,z) = Y.;_, Fi(z) is not a
p-approximation of F' = Y i, F;. Hence, we can-
not use Lutz-Borel-Cantelli lemma to prove this law
directly. In our following proof, the main objec-
tive, roughly speaking, is to use p-approximations of
h(n,z) = Y.i, Fi(z) + fnoj_l (xf—xl)a to define a p-
approximation of F = 577 Fj.



Definition 4.1 A function F : ©* — R* is a density
function ¢f, for all x € X%,

F(z0) + F(z1

Flz) > M.

- 2

Lemma 4.2 Given a polynomial time computable
function F(i,z) and a nondecreasing, time con-

structible function u: N — N satisfying
2F (i,z) > F(i,z0) + F (i, z1)

for all i and all |x| > wu(i), the set U2, S®[F;]
has p-measure 0, where S®[F;] = {{ € X
limsup, F(#,£[0.n— 1]) = co}.

Remark: If we only require that F 1is p-
approximable, then the lemma still holds.

Proof. By the p-union lemma of Lutz [13], it suf-
fices to show that there exists a polynomial time com-
putable function F’(7, ) such that F/(z) = F'(i, z) is
a density function for each 7 and

Us>m1c Js=IF) (1)
i=0 i=0
Let v be a function defined by the recursion
v(1) =u(l)
v(k+1) =max{k+ L ulk+1),v(k)}+1

Then we define the function F' as follows. If i # 2¢()
for any k € N, then let F'(i,2) = 0 for all z € &*. If
i = 2°%) for some k € N, then F'(i, z) is defined by

|| —u(k)
Fi,z) = |y|:z%—|x|2 Fk,zy) ol <u(k)

Tt is obvious that, for every k € N, F/(z) = F'(k, z)
is a density function and

S®[Fi] C S [Fauw)-
Hence (1) holds. [ |

In our following proof, we will use two special func-
tions. The first one is S : ¥* — N satisfying

for all z € T*.
The second one is S* : ¥* — R satisfying
_2-5(2) — al

Vel

57 (2)

for all z € X*.
We will make use of the following variant of
DeMoivre-Laplace limit theorem.

Lemma 4.3 [6] Let u: N — R* be a function satis-
fying

1
ivlnlnn <u(n) <2VInlnn

for all n. Then there exists a constant cg which is
independent of u such that, for all u(n) > cq,

2
u—2Ze U /2

< Pri{e: 57([0..n = 1]) > u(n)}]

< emu'l?,

The following lemma from Feller [6, p158] is also
useful in our proof.

Lemma 4.4 Let u : N — RT be a function. Then
there exists a constant ¢1 which is independent of both
u and n such that if C is the set of infinite sequences
satisfying

S(&[0..k —1]) — g > u(n)
for some k < n, then
Pr[C] < éPr Hf : S(E[0.n—1]) — % > u(n)H .

We will now prove our main theorem of this paper.

Theorem 4.5 Let

U:{ﬁEEc’O :lini}sup%zl}.

Then U has p-measure 1. This means that if we let
Y (k> 1) be the set of infinite sequences such that

S(€[0.n —1]) > %n—}— (1—}— %) \/%nlnlnn

for infinitely many n, and let Xy, (k > 1) be the set of
infinite sequences such that

S(&[0.n —1]) > %n—}— <1 — %) \/%nlnlnn

for finitely many n, then

e -u= (X0 JJ Yr)

has p-measure 0.



For reasons of symmetry, the above theorem implies
that the following set has p-measure 1.

.. S*(E[0.n—1]) }
21 f——— = _1>.
1nn_1>£ vV2Inlnn

Outline of the Proof: The proof goes on as follows.
First, we will show uniformly that every Y has p-
measure 0, that is, Y = Up2,Y; has p-measure 0.
Then we will use this result to show that X = Up2 Xy,
has p-measure 0. In order to show that Yy has p-
measure 0, we define a sequence ng,nq,--- of natu-
ral numbers. For each n;, we define a martingale
Fi(i,z) in such a way that, for all m > | > n;,
Fi(i,2][0..1]) = Fi(¢,2[0..m]). That is to say, Fi(i, z)
is defined to check the 0-1 distributions on strings in
¥7i. If a string z € X" seems to be an initial seg-
ment of some sequences in Yy, Fi(7, z) is then given a
large value; Otherwise, Fj (7, z) is given a small value.
Lastly, Fx(z) = > o, Fk(i,z) succeeds on every se-
quence in Yg. All we need to do is to choose n; and
to define Fy(i,z) appropriately so that our proving
process is uniformly polynomial time computable and
Fi(z) succeeds on all sequences in Y.

Proof of Theorem 4.5.
First we show that Y = |J,—, Yx has p-measure 0.
Let

1

= 14 —

« +k

1

- 14—

p +3k
n; = [[)’i]+1 (i=1,2,--)

Then 1 < 3 < y/a. Let Y ; be the set of infinite
sequences such that

S(&[0.n —1]) = %n >y %nl Inlnn;

for some n € N with n; <n < n;41, and let
Y, = {¢€ €% : £ € Yy, for infinitely many i} .

Obviously, Y; C Y}, so it suffices to show that
= UsZ; Y}, has p-measure 0.
Let
Fl(k, CL‘) = PT’[Yk’Z'lcz]
where Pr[Yy ;|C;] is the conditional probability of
Y ; under the condition C,, and let

:ZFi(k,:p).

Tt is straightforward that, for each k € N, Fy(z)
F(k,z) is a martingale and, for each £ € Y}, Fi(z) =
F(k, z) succeeds on €.

By the Remark of Lemma 4.2, it suffices to define
a p-approximable function G and a time constructible
function v : N — N such that, for all £ € N and for
all |z| > v(k),

2G(k,z) > G(k,z0)+ Gk, 21)

Gk,z) > F(k2)

Let
Gk, z) = E Pr[Y; i|C.)
i< [ 4]
+ [;lr / (z — 1) In 3)2
i> T

where ¢ is a constant which will be given below.
Claim 1 G(k,z) is p-approzimable (w.r.t. k + |z|).

Proof. Obviously, in the expression of GG, the second

clause
A

4ln|a:
n 3

dmmia_u(ﬁﬁﬁﬂf_

is p-approximable (w.r.t. k+ |z|).

If: < {411;1%“}, then n; < |z|* + 1. Hence, the

values of Pr[Yy ;|C;] in the first clause of G(k, z) can
be computed using binomial coefficients of base less
than n;1; < B (|z|* + 1). That is to say, the first
clause of G(k, z) can be computed in time polynomial
in k+ |z|. O

(z — l)lnﬂ)

Claim 2 Let ¢g be the constant in Lemma 4.3, c1 be
the constant in Lemma 4.4, c = 3 > 0 and ui(k) =

[Gezcgkj]‘ Then the following conditions hold for all k.
1. For all i > uy(k),

it+1 dx
PrYy ;] < /Z c-((x=1)Ing)>

2. For all i > max{us(k), {411;1];'} 1,

dz
z—1)Inp)>

i+1
PT[kailcx] S/ P ((



Proof. 1. By Lemma 4.4,
P?“[kal']

< LPr{{€: S(€0.migs — 1) = Lnigs

> ay/=n;Inlnn;})

rol—

= LPrl{e: S (0.miys — 1))

> a, /2-2Inlnn;}]

it

By a simple computation, it can be shown that if 7 >

6k2 then Z’ij > a. Hence, for 7 > 6k2,

Pr(Ygi] < e Pr[{€: S*(£[0..nip1 — 1])
> 2alnlnn;}].

Ifi > 666§k‘2, then v/2alnlnn; > Co~2By Lemma
4.3, we therefore get, for i > uy (k) = [6e0k?],

P?"[kai] S Cl—le—alnlnnl

1

e1(Inn;)

1

e(iln B)e

i+l dz
< / c(z=Dmp)e’

2. First, we note the following fact: for z € ¥<7i,

PT[kailcom]

IN

PT[Yk’ilcx]

IN

Pr{Yy i|Cyiel]
= Pr[Yg,is/Colel]

where Y, ; ; is the set of infinite sequences such that

1 1
S(&[0.n —1]) = §n—|—j > ay/ inilnlnni

for some n with n; < n < n;y1. It is easily checked
that if i > ui(k) = [6€2°0k?] then Z’jf > « and

V2alnlnn; — \/% > ¢g. Hence, in the same way

as in 1, we can show that

PT[Yk’i|Cx]

= 2=lPr[Yg ;N Cy)

< 28 Pr[Yg ;o) N Colel]
< Eyezlrl Pr[Yk,i,lxl NGyl
= PT[Y&MM]
< e tPr[{€ S(E[0 i — 1]) — %ni+1
+ |2| > ay/in;Inlnn;}]
= o 'Pr[{¢: 5% (€[0..nips — 1))
> a, /2;:1 Inlnn; — \/Jfl|+1 H
< et Prlfg - S (E0-migs — 1))
> 2alnlnn; — \/lnil H
—axininn & Zalninn
< ete il ’+\/"z+1\/? fnin
< 61_16 Vit e—alnlnn; (By i> {411;1%17@)
S 361—16—a1n1nn,
B 3
~ eq(lnn;)
« 3
~ a(ilng)”
. 1
~ e(ilnp)
i+l dx
< . O
- /Z c-((z—=1)Inp)>

Claim 3 FLet v(k) > g1()/4 be a time constructible
function. Then, for all k € N and for all |z| > v(k),

2G(k,z) > G(k,z0)+ Gk, z1)
Gk,z) > F(k,z).

Proof. Tt [“Fn—lgm] = [411;1—};'], then it is obvious from



the definition of G that

2G(k,z) = G(k,20) + G(k, z1).

For |z| > v(k), if m = [Anlzoly — [41n|ﬁ£|] + 1, then

In In
m > ui(k). So, by Claim 2 and by the definition of
G,

2G(k,z) — G(k,20) — G(k, z1)

mt1 2dz
“ ), c-((z—1)Inpg)> Pr{¥im|Caol

— Pr[Yg m|Cai]

> 0.

By Claim 2, for all |z| > v(k) (i.e., {4112];'} > uy(k)),

G(k,z)— F(k,z)

= > ([ ey - rrved)

ae

>0 o

All these Claims complete the proof that U, Yy has
p-measure (.

Next we show that X = [ J;— Xy has p-measure 0.

Let

1
g = k*
1
vo= 153
n, = B (i=12-)

Then % > > a. Let

Di(€) = S(€[0..n; — 1]) — S(E[0..ni—1 — 1))

and let X ; be the set of infinite sequences such that

1 1
Di(f) - E(nz - ni—l) > vW

Now we show that if i > e (where ¢ is the constant

in Lemma 4.3), then Pr[Xy ;] >i™'.

PT[Xk’Z']

:er@2m@y4m_m4)

n; —Nj—1

iz e
> vy /———Inlnn; | .
n; —nj_1

Here n;/(n; —ni_1) = B/(8 — 1) < y~!. Hence

> prife: 2200 (i 2

ni—l)

n; — N1

> \/2vInInn;}].

If i > €% then V2yInlnn; > ¢o. So, by Lemma 4.3,

. 2
for 7 > e,

P’P[Xk’i]

1
PriX ; > —vyInlnn;
Xkl 2 2vInln n;
. 1
~ 2y(Inlnn;)(lnn;)7’

Since n; = 3 and v < 1, there is a time constructible
function us(k) > ¢ such that if i > uz(k) then
PT’[XR’Z'] > i1

Let

Zipog={{€X™ : £¢ Xy, for all i},

and let F' be a density function defined as follows: For
all x € X" and y € X7+ with z C y, let

(o Y- X% C Xpigt
F(k,0,y) = { #F(k, 0,z) ¥ 5% ¢ Xpip

For all other z € ¥* with 2 C z C y, let

F(k,O,z):F(kJOJZO); (k,0,21)

Obviously, using binomial coefficients, we can com-
pute F(k,0,z) in time polynomial in k + |z| and, for
2

every k € N and |z| > 3¢,
2F (k,0,2) > F(k,0,20) + F(k,0,z1).
And, for all € € Z, o,

2 3 i
F(k,0,€0.mi = 1)) = 75—

Hence, by Lemma 4.2, Zj, o has p-measure 0.



Next, we divide the sequence X ; (i = 1,2 - ) into
two subsequences Xl(cll’»l) and X[(ﬁlf) such that both
> Pr[X,ilgl)] =ooand ), Pr[X,(€112)] = co. Let

,2

Zpi={:¢6¢ X,(ﬁlél) for all 7}

U{¢:¢ ¢ X;(ﬁlf) for all 7}.

In the same way as showing that Zj o has p-measure
0, we can define a density function F(k, 1, z) to show
that Zj ; has p-measure 0.

Applying, in turn, this statement to the sequences
XI(:Z’»I) and Xlil;»2), we can define p-measure 0 sets Zg 3
and Zj 4, and 'so on. Let

z=JJZks
k 1

Then Z is a p-union of p-measure 0 sets Zy ; (k,i € N).
Hence, by Lemma 4.2, Z has p-measure 0.
Let

X, ={£ €™ : £ e Xy, for finitely many i}.

Then X' = (J,—; X}, C Z, hence X' has p-measure 0.

The last step of the proof is to show that, in the
definition of Xy ;, the term S(£[0..nj—1 — 1]) can be
neglected. From the part (1) of this theorem, we know
that Y has p-measure 0, hence Y U X’ has p-measure
0. For each ¢ € ¥ — (Y UX'), we can find a large
enough ng so that, for all ¢ > ng,

<24 %ni_l Inlnn;_;.
By the choice of ~,
—_a\?
)

4n;_q = 4 < ni(y-— oz)z.

g

5(5[077,2_1 — 1]) — %ni_l

SO

Hence,

1 1
S(&[0..nj—1 —1]) — SMi-1 > —(y—a)y/ g Inlnn;.

(2)

Since € ¢ X', € € X ; for infinitely many ¢, i.e.,

1 1
D; (&) — E(nl —ni—1) > Y/ omi Inlnn; io..  (3)

Adding (2) to (3), we obtain that, for each sequence
£ € X%® — (X'UY), there are infinitely many n such

that
1 1
S(&[0.n —1]) > 3" + ay/f Enlnlnn.

SoX® —(X'UY) CX*®—-X,ie, X CX'UY. Hence
X has p-measure 0. [ |
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