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Abstract. We investigate the polynomial time isomorphic type structure of PT ⊂ {A : A ⊆
{0}∗} (the class of tally, polynomial time computable sets). We partition PT into six parts:
D−, D̂−, C, S, F, F̂ , and study their p-isomorphic properties separately. The structures
of 〈deg1(F ); ≤〉, 〈deg1(F̂ ); ≤〉, and 〈deg1(C); ≤〉 are obvious, where F , F̂ , and C are the
class of tally finite sets, the class of tally co-finite sets, and the class of tally bi-dense sets
respectively. The following results for the structures of 〈deg1(D̂); ≤〉 and 〈deg1(S); ≤〉 will
be proved, where D̂ is the class of tally, co-dense, polynomial time computable sets and S
is the class of tally, scatted (i.e., neither dense nor co-dense), polynomial time computable
sets.

1. 〈deg1(D̂); ≤〉 is a countable distributive lattice with the greatest element.
2. Infinitely many intervals in 〈deg1(D̂); ≤〉 can be distinguished by first order formulas.
3. There exist infinitely many nontrivial automorphisms for 〈deg1(D̂); ≤〉.
4. 〈deg1(S); ≤〉 is not distributive, but any interval in 〈deg1(S); ≤〉 is a countable distrib-

utive lattice.

1. Introduction

Cook [10] and Karp [12] introduced the polynomial time bounded counterparts to
the two most important recursive reducibility notions respectively, namely polyno-
mial time Turing and polynomial time many-one reducibilities. The importance of
the stronger, conceptually simpler, p-m-reducibility (Karp) stems from the fact that
many interesting problems turned out to be equivalent with respect to this strong-
er notion, that is, to be p-m-reduced to each other. Many important problems in
the class NP of nondeterministically polynomial time computable sets have been
shown to be p-m-equivalent, in fact to be p-m-complete for NP.

Like the recursive reducibilities which give a natural classification of the
unsolvable problems according to their relative difficulty, the polynomial time
reducibilities provide a natural tool for classifying any specific complexity class.
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Structural questions about the recursive reducibilities have been first studied by
Post in 1940s, and up to now the analysis of these questions remained one of the
major areas in recursion theory. The study of these questions in the polynomial set-
ting was initiated by Ladner, Lynch, and Selman [14] in 1973. Then the polynomial
degree structures of recursive sets and other complexity classes (e.g., NP and P)
under polynomial time reductions were studied by Ambos-Spies [1–5], Schöning
[18,19], Chew [9], Schmidt [17] and others in a series of papers.

Berman and Hartmanis [7] made a careful analysis of the p-m-reducibility in
the complexity class NP and then conjectured that all p-m-complete sets for NP are
polynomial time isomorphic. This conjecture has been one of the most important
questions of structural complexity theory in the last two decades. In order to solve
this conjecture, the analysis of the stronger degree structure inside a weaker degree,
especially the structure of polynomial time isomorphic types inside a p-m-degree,
becomes more and more attractive. Many results have been obtained in this area
(for more details of the corresponding questions in recursive reducibilities, it is
referred to Odifreddi [16]).

A p-m-degree is a collection of sets which are equivalent under p-m-reduc-
tions, a p-m-degree is collapsing if and only if its members are p-isomorphic, that
is, equivalent under polynomial time, one-one, onto, polynomial time invertible
reductions. So the Berman and Hartmanis conjecture is equivalent the following
statement: The p-m-complete degree for NP is collapsing. Mahaney and Young
[15] showed that any p-m-degree is either collapsing or has infinitely many iso-
morphic types inside it. And Kurtz, Mahaney and Royer [13] have showed the
existence of a collapsing p-m-degree in EXP.

It is well known (see [16]) that the degree structure of recursive sets under the
recursively many-one reduction is {degm(∅), degm(�

∗), degm({0})}, and the de-
gree structure of recursive sets under the recursively one-one reduction is {deg1(∅),
deg1(�

∗)} ∪{deg1(i) : i ∈ ω} ∪ {deg1(co-i) : i ∈ ω} ∪ {c}, where we use deg1
(i) to denote the recursive 1-degree of all sets which have exactly i elements, deg1
(co-i) to denote the recursive 1-degree of all sets whose complement sets have
exactly i elements and c to denote the recursive 1-degree of all infinite sets whose
complement sets are also infinite.

The p-m-degree structure of P is the same as the recursive m-degree structure
of recursive sets. But up to now, nothing is known about the p-1-degree structure
of P or p-isomorphic type structure of P.

In order to understand more about the polynomial time reductions and the gen-
eral questions regarding collapsing degrees, it is necessary to study extensively the
p-1-degree structure of P and the p-isomorphic type structure of P. As a first step
for the research in this area, we study the p-1-degree structure and p-isomorphic
type structure of PT ⊂ {A : A ⊆ {0}∗} (the class of tally, polynomial time comput-
able sets). And we show the relations between the p-1-degree structure of P and
the p-1-degree structure of PT .

In section 2, we introduce some notation we need later and show that, for PT , the
p-1-degree structure is the same as the p-isomorphic type structure. We then parti-
tion PT into six parts:D−, D̂−, C, S, F , F̂ and study theirp-isomorphic properties
separately. The following results are straightforward.
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1. The degree structure of the classC of tally, polynomial time computable, dense
and co-dense sets consists of a single element 1 which is the greatest element
of 〈deg1(PT ); ≤〉. Note that we call a set dense if {0}∗ can be polynomial time
one-one reduced to it.

2. The degree structure of the classF (respectively F̂ ) of tally, finite (respectively
co-finite) sets is a linear ordering of order type ω where the nth degree in this
ordering contains the sets of cardinality n − 1 (respectively the sets whose
complement set has exactly n − 1 elements).

3. 〈deg1(D); ≤〉 and 〈deg1(D̂); ≤〉 are isomorphic, where D (respectively D̂) is
the class of polynomial time computable, tally, dense (respectively co-dense)
sets.

Hence it suffices to study the structures of 〈deg1(D̂); ≤〉 and 〈deg1(S); ≤〉. Note
that D− = D − C and D̂− = D̂ − C.

In Section 3, we investigate the p-isomorphic type structure of D̂. The class
PTGF of polynomial time constructible growth functions are used to study 〈deg1
(D̂); ≤〉, and it is shown that 〈deg1(D̂); ≤〉 ∼= 〈PTGF; ≤〉, where PTGF is the
degree structure of PTGF under the reduction ≤#. Then we show that 〈PTGF; ≤〉
is a countable distributive lattice with the greatest element. The cap, cup and lat-
tice embedding properties of 〈deg1(D̂); ≤〉 are discussed in this section. For the
product property, we show that, for any n, any interval in 〈deg1(D̂); ≤〉 is a sub-
direct product of n-chains. We also show that there are infinitely many intervals in
〈deg1(D̂); ≤〉 which can be distinguished by first order formulas. In the last part of
this section, we show that there are infinitely many nontrivial automorphisms for
〈deg1(D̂); ≤〉.

Section 4 is devoted to the study of the p-isomorphic type structure of S,
which is the class of scatted sets (i.e., neither dense nor co-dense). It is shown that
〈deg1(S); ≤〉 is not distributive, but any interval in 〈deg1(S); ≤〉 is a countable
distributive lattice. The cap, cup and lattice embedding properties of 〈deg1(S); ≤〉
are discussed also.

2. Preliminaries

ω is the set of natural numbers. � = {0, 1} is the binary alphabet and �∗ is the
set of (finite) binary strings. The length of a string x is denoted by |x|. For strings
x, y ∈ �∗, xy is the concatenation of x and y. A subset of �∗ is called a language
or simply a set. For a language A, Ā is the complement set of A and ‖A‖ denotes
the cardinality of A. Let TALLY = {A : A ⊆ {0}∗} be the class of tally sets
and let PT = P ∩ TALLY be the class of tally, polynomial time computable sets.
A≤n = A ∩ {x : |x| ≤ n}, A[n1,n2] = A ∩ {x : n1 ≤ |x| ≤ n2} and Aα has the
corresponding meaning for any kinds of interval α. All sets in this paper will be in
PT unless stated otherwise. For a lattice 〈L; ≤〉 and an element a ∈ L, (·, a] is the
set of elements b ∈ L such that b ≤ a.

We fix a standard polynomial time computable and invertible pairing function
λx, y〈x, y〉 on ω, and fix a recursive enumeration {fk : k ≥ 0} of the polynomial
time computable functions with corresponding time bounds nk (k ≥ 0).
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Definition 1. Given A,B ∈ PT , we say that A can be polynomial time one-one
reduced to B in PT , if there exists a total, polynomial time computable one-one
function f : {0}∗ → {0}∗ such that f (A) ⊆ B and f (Ā) ⊆ B̄, written: A ≤p

1 B. If
A ≤p

1 B and B �≤p

1 A, then we write A <
p

1 B, and write A ≡p

1 B for both A ≤p

1 B

and B ≤p

1 A.

By the above definition of ≤p

1 , 〈PT ; ≤p

1 〉 is a partial preordering. So we can de-
fine a corresponding degree structure 〈deg1(PT ); ≤〉 by factorizing over the equiv-
alence relation ≡p

1 induced by ≤p

1 and by letting ≤ be the induced partial ordering
on the equivalence classes. Formally, for A ∈ PT , let deg1(A) = {B : B ≡p

1 A}.
In the following, A,B,C, . . . denote elements of PT and a, b, c, . . . are the

corresponding p-1-degrees. Let A ⊕ B = {02n : 0n ∈ A} ∪ {02n+1 : 0n ∈ B}.
Definition 2. For A,B ∈ PT , A ≤# B via a polynomial p if ‖A≤n‖ ≤ ‖B≤p(n)‖
for all n.

It is easy to check that ≤# is a partial preordering on PT with the greatest
element {0}∗.

Lemma 1. Let A,B ∈ PT . Then the following properties hold.

1. A ≤p

1 B if and only if both A ≤# B and Ā ≤# B̄.
2. A ≡p

1 B if and only if A is polynomial time isomorphic to B.

Proof. 1. Assume that A ≤p

1 B via f (x) and let p(n) = max{|f (x)| : x ∈
{0}∗ & |x| ≤ n}. Then both A ≤# B and Ā ≤# B̄ via p. For the other direction,
assume that both A ≤# B and Ā ≤# B̄ via p. Then the following function is a
polynomial time one-one reduction from A to B.

f (x) =
{

the nth element of B if x is the nth element of A,
the nth element of B̄ if x is the nth element of Ā.

2. If A is polynomial time isomorphic to B, then it is straightforward that
A ≡p

1 B. For the other direction, let f be defined as above, and g be defined sim-
ilarly by changing the positions of A and B. Then f (g(x)) = x for all x ∈ {0}∗.
That is, f is a polynomial time isomorphism between A and B. �

Corollary 1. For A ∈ PT , deg1(A) = {B : B is polynomial time isomorphic to
A}.

The above corollary shows that, in PT , the polynomial time one-one degree
structure is the same as the polynomial time isomorphic type structure.

Now we use ≤# to give a partition of PT .

Definition 3. For an infinite and co-infinite set A ∈ PT , we have the following
definitions.

1. A is dense if {0}∗ ≤# A.
2. A is co-dense if {0}∗ ≤# Ā (that is, Ā is dense).
3. A is bi-dense if {0}∗ ≤# A and {0}∗ ≤# Ā (that is, both A and Ā are dense).
4. A is scattered if A is neither dense nor co-dense.
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Let D, D̂, C, S, F, F̂ be the classes of dense, co-dense, bi-dense, scattered, fi-
nite, co-finite sets in PT , respectively, and let D− = D − C, D̂− = D̂ − C. The
corresponding degree classes are denoted by the corresponding boldface letters.

Lemma 2. The classes D−, D̂−, C, S, F, F̂ partition PT . Moreover, these classes
are closed under ≡1. Whence D−, D̂−,C,S,F, F̂ is a partition of deg1(PT ).

Proof. Straightforward. �

By Lemma 2, in order to characterize deg1(PT ), it suffices to study the classes
D−, D̂−, C, S, F, F̂ and the relations to each other. We first reduce this task by
exploiting a symmetry in PT and by eliminating the trivial classes.

Lemma 3. 1. For A,B ∈ PT , A ≤p

1 B (via f ) if and only if Ā ≤p

1 B̄ (via f ).
2. The function which maps a degree of a set to the degree of its complement set

is an automorphism of 〈deg1(PT ); ≤〉.

Proof. Straightforward. �

Lemma 3 implies the following lemma.

Lemma 4. 1. Let A ∈ PT . Then A ∈ C (D,D−, S, F ) if and only if Ā ∈
C (D̂, D̂−, S, F̂ ).

2. 〈D; ≤〉 ∼= 〈D̂; ≤〉; 〈D−; ≤〉 ∼= 〈D̂−; ≤〉 and 〈F; ≤〉 ∼= 〈F̂; ≤〉.

Proof. Straightforward. �

The trivial classes are C, F, F̂.

Lemma 5. For A ∈ PT , A ∈ C if and only if A is ≤p

1 -complete for PT .

Proof. Straightforward. �

By Lemma 5, C consists of a single element 1 which is the greatest element of
〈deg1(PT ); ≤〉. In case of the other trivial classes F and F̂, by Lemma 4, it suffices
to consider F.

Lemma 6. F is a linear ordering of order type ω where the n-th degree in this
ordering contains the sets of cardinality n − 1.

Proof. Straightforward. �

Note that Lemma 6 implies that 〈F; ≤〉 is a distributive sublattice of 〈deg1(PT );
≤〉 (in particular closed under joins and meets). The relations of 〈F; ≤〉 and 〈F̂; ≤〉 to
the other parts of 〈deg1(PT ); ≤〉 are completely described by the following lemma.

Lemma 7. 1. For a ∈ F and b �∈ F, a≤b if and only if b∈ D̂.
2. For a ∈ F̂ and b �∈ F̂, a≤b if and only if b∈D.
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3. For a ∈ F, â ∈ F̂ and b∈ PT , both a≤b and â ≤b if and only if b=1.
4. For a ∈ F and b ∈ PT , b≤a implies b ∈ F.
5. For â ∈ F̂ and b ∈ PT , b≤ â implies b ∈ F̂.

Proof. Straightforward. �

This leaves the classes D, D̂ (or equivalently D−, D̂−) and S (and their relations
to each other) for analysis. In the next section, we study the structure of 〈D̂; ≤〉,
which by Lemma 4 is isomorphic to 〈D; ≤〉. The structure of 〈S; ≤〉 is analyzed in
Section 4.

3. The Class D̂

In this section, we investigate the p-isomorphic type structure of D̂. The class
PTGF of polynomial time constructible growth functions are used to study 〈deg1
(D̂); ≤〉, and it is shown that 〈deg1(D̂); ≤〉 ∼= 〈PTGF; ≤〉, where PTGF is the
degree structure of PTGF under the reduction ≤#. Then we show that 〈PTGF; ≤〉
is a countable distributive lattice with the greatest element. The cap, cup and lattice
embedding properties of 〈deg1(D̂); ≤〉 are discussed in this section. For the product
property, we show that, for anyn, any interval in 〈deg1(D̂); ≤〉 is a subdirect product
of n-chains. We also show that there are infinitely many intervals in 〈deg1(D̂); ≤〉
which can be distinguished by first order formulas. In the last part of this section,
we show that there are infinitely many nontrivial automorphisms for 〈deg1(D̂); ≤〉.

3.1. Basic facts

In this section we show that 〈D̂; ≤〉 is a countable distributive lattice. First we note
that the structure of 〈D̂; ≤〉 is closely related to the structure of 〈PT ; ≤#〉. To show
this we use the following observations.

Lemma 8. 1. For A ∈ PT , A ∈ D̂ if and only if there exists B ∈ PT − F such
that A ≡p

1 B ⊕ ∅.
2. For A,B ∈ PT , A ⊕ ∅ ≤p

1 B ⊕ ∅ if and only if A ≤# B.

3. For A,B ∈ D̂, A ≤p

1 B if and only if A ≤# B.

Proof. Straightforward. �

Lemma 9. 〈D̂; ≤p

1 〉 ∼= 〈PT − F ; ≤#〉.
Proof. Follows from Lemma 8. �

By Lemma 9, we may analyze the structure of 〈PT −F ; ≤#〉 instead of 〈D̂; ≤p

1 〉.
Since the relation ≤# depends on the census functions of the sets which are com-
pared, it is useful to introduce the type of census functions which may occur and
the inverse functions describing the growth of the sets.

Definition 4. 1. A function f : ω → ω is an (eligible) census function if
– f is polynomial time computable w.r.t. the unary representation of numbers.
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– f (0) = 0.
– limn f (n) = ∞.
– For all n, f (n) ≤ f (n + 1) ≤ f (n) + 1.

2. For census functions f and g, f ≤# g if and only if there is a polynomial p
such that f (n) ≤ g(p(n)) for all n.

Let 〈PTCF ; ≤#〉 be the class of census functions with the relation ≤# defined
as above and PTCF be the quotient structure of PTCF under ≡#. For A ∈ PT , let
censA(n) = ‖A≤n‖. We call the “inverse" function of a census function a growth
function.

Definition 5. 1. A function f : ω → ω is an eligible growth function if
– f is polynomial time constructible w.r.t. the unary representation of num-

bers, that is, there exists a polynomial p such that f (n) is computable in time
p(f (n)).

– f is strictly increasing.
– f (0) = 0.

2. For growth functions f and g, f ≤# g if and only if there is a polynomial p
such that g(n) ≤ p(f (n)) for all n.

Let 〈PTGF ; ≤#〉 be the class of growth functions with the relation ≤# defined
as above and PTGF be the quotient structure ofPTGF under ≡#. ForA ∈ PT −F ,
let growA(n) = µm (censA(m) = n).

Lemma 10. 1. For A ∈ PT − F , censA ∈ PTCF and growA ∈ PTGF .
2. For f ∈ PTCF , there is a unique set A ∈ PT − F such that f = censA. For

f ∈ PTGF , there is a unique set A ∈ PT − F such that f = growA.
3. ForA ∈ PT −F , censA(growA(n)) = n and growA(censA(n)) = µm (censA

(m) = censA(n)).
4. 〈PTGF ; ≤#〉 ∼= 〈PTCF ; ≤#〉 ∼= 〈PT − F ; ≤#〉(∼= 〈D̂; ≤p

1 〉).
Proof. Straightforward. �

Now the first question to ask about 〈D̂; ≤〉 (or equivalently, 〈PTGF; ≤〉) is
whether this structure is a lattice.

Theorem 1. 〈PTGF; ≤〉 (hence 〈D̂; ≤〉) is a countable distributive lattice with the
greatest element.

To prove the theorem we first introduce representations of the meet and join
operator.

Definition 6. For f, g ∈ PTGF , let minf,g(n) = min{f (n), g(n)} and maxf,g(n)
= max{f (n), g(n)}.
Lemma 11. Let f, g, h ∈ PTGF . Then we have the following properties.

1. minf,g ∈ PTGF and maxf,g ∈ PTGF .
2. f ≤# minf,g and g ≤# minf,g .
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3. maxf,g ≤# f and maxf,g ≤# g.
4. If h ≤# f and h ≤# g, then h ≤# maxf,g .
5. If f ≤# h and g ≤# h, then minf,g ≤# h.

Proof. Straightforward. �

Proof of Theorem 1. By Lemma 11, the join and meet operation (modulo factor-
ization) in 〈PTGF ; ≤#〉 is given by the max and min operators of Definition 6.
To show that the lattice is distributive we have to verify that, for f, g, h ∈ PTGF ,
minmaxf,g,h = maxminf,h,ming,h . That is, by definition,

min{max{f (n), g(n)}, h(n)} = max{min{f (n), h(n)},min{g(n), h(n)}}.
But the latter is immediate by distributivity of the maximum and minimum

functions on the natural numbers. Finally, f (n) = n is the greatest element of
PTGF . �

Remark. Later in this paper, f, g, . . . denote elements of PTGF , and f, g, . . . de-
note the corresponding elements of PTGF. For f, g ∈ PTGF , f ∪ g and f ∩ g

denote minf,g and maxf,g , respectively.
We close this section with some definitions which will be used in the following

sections.

Definition 7. For f, g ∈ PTGF with f < g, we have the following definitions.

1. f is weakly below g, written f ≤w g, if there exist f ∈ f, g ∈ g such that
f (n) = g(n) infinitely often.

2. f is strongly below g, written f <s g, if for all f ∈ f, g ∈ g, f (n) �= g(n)

almost everywhere.

Lemma 12. 1. For f ≤w g and h ∈ [f, g], f ≤w h ≤w g.
2. If f <s h <s g, then f <s g.
3. For f <s g, there exists h ∈ [f, g] such that f ≤w h and h ≤w g.

Proof. Straightforward. �

3.2. Cap and cup properties

In this section, we study the cap and cup properties of 〈PTGF; ≤〉.

Definition 8. Given u, v ∈ PTGF and f, g ∈ [u, v] such that f < g, we have the
following definitions.

1. f is cuppable to g (in the interval (u, v)) if there exists w ∈ (u, g) such that
w ∪ f = g.

2. g is cappable to f (in the interval (u, v)) if there exists w ∈ (f, v) such that
w ∩ g = f .

Lemma 13. Given f, g,h ∈ PTGF, the following properties hold.
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1. f ≤ g if and only if there exist f ∈ f and g ∈ g such that f (n) ≥ g(n) for
all n.

2. h ∈ [f, g] if and only if there exist f ∈ f, g ∈ g, and h ∈ h such that
f (n) ≥ h(n) ≥ g(n) for all n.

3. f ∪g = h if and only if there exist f ∈ f, g ∈ g and h ∈ h such that h = minf,g .
4. f∩g = h if and only if there existf ∈ f, g ∈ g, andh ∈ h such thath = maxf,g .
5. For u, v ∈ [f, g], u ∪ v = g and u ∩ v = f if and only if there exist f ∈ f, g ∈

g, u ∈ u, and v ∈ v such that f = maxu,v and g = minu,v .

Proof. Straightforward (see also Lemma 11 and Definition 4). �
Theorem 2. Let f, g ∈ PTGF such that f < g. Then there exists h ∈ (f, g) such
that h is not cuppable to g in the interval (f, g).

Proof. Let f ∈ f and g ∈ g such that f (n) ≥ g(n) for all n. Define h ∈ PTGF by
letting

h(n) =
⌈

2
√

log(f (n))·log(g(n))
⌉
.

Then h ∈ (f, g). In the following we show that h is not cuppable to g in the interval
(f, g).

It suffices to show that for any u ∈ (f, g) we have g �≤# minh,u. Let u ∈ u with
the property that f (n) ≥ u(n) ≥ g(n) for all n. For any k > 0, by the property that
u < g, we have

f (n) ≥ u(n) > (g(n))k
2

for infinitely many n. Whence there are infinitely n satisfying the following prop-
erty:

minh,u(n) = min
{⌈

2
√

log(f (n))·log(g(n))
⌉
, u(n)

}

> min

{⌈
2

√
log(g(n))k2 ·log(g(n))

⌉
, u(n)

}

≥ min
{
(g(n))k, u(n)

}
≥ (g(n))k.

The above inequality implies that g �≤# minh,u. This completes the proof of the
theorem. �
Corollary 2. There exist f, g, h ∈ PTGF such that f <# g <# h and g is cup-
pable to h, but g is not cuppable to h in the interval [f,h].

In the same way as in the proof of Theorem 2, we can prove the following
theorem.

Theorem 3. Let f < g. Then there exists a countably infinite set of independent
degrees which are not cuppable to g in the interval (f, g).

Proof. The proof is left as an exercise. �
Theorem 4. 1. Let f < 1. Then there exists g such that f <w g and g is cappable

to f .
2. Let f < 1. Then there exists g such that f < g and g is not cappable to f .
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Proof. 1. We construct two polynomial time constructible growth functions g and
h by stages. It suffices to satisfy for all e the following requirements:

Re : ∃n > e (f (n) > (g(n))e).

Se : ∃n > e (f (n) > (h(n)e).

T : ∀n (f (n) = max{g(n), h(n)}).
The construction is standard, and we will omit the details.
2. Let f ∈ f such that f (n) ≥ n for all n. Define g ∈ PTGF by letting

g(n) =
⌈

2
√

log(f (n))·log n
⌉
.

It is straightforward to check that g ∈ (f, 1). Now a similar argument as in the
proof of Theorem 2 can be used to show that g is not cappable to f , the details are
omitted here. �

We close this section by introducing some notation which will be used later.

Definition 9. Let f ≤ g. Then we have the following definitions.

1. [f, g]cap = {u : u ∈ (f, g),u is cappable to f in the interval (f, g)}.
2. [f, g]cup = {u : u ∈ (f, g),u is cuppable to g in the interval (f, g)}.
3. [f, g]cc = [f, g]cap ∩ [f, g]cup.
4. [f, g]comp = {u : there exists v ∈ (f, g) such that u ∩ v = f and u ∪ v = g}.

Using the same technique as in the proofs of Theorem 2 and Theorem 3, we
can prove the following theorem.

Theorem 5. Let f <w g. Then ‖[f, g]cc − [f, g]comp‖ = ‖[f, g]cap − [f, g]cc‖ =
‖[f, g]cap‖ = ‖[f, g]cup‖ = ‖[f, g]comp‖ = ∞

The proofs are left as an exercise.

3.3. Lattices embedding

In this section, we show that any countable distributive lattice can be embedded
into any intervals of 〈PTGF; ≤〉 preserving either the least or the greatest element.
At first, we introduce some concepts.

Definition 10. For f, g ∈ PTGF such that f (n) ≥ g(n) for all n, let

Ifg(n) = �n
i=1|sign(f (i) − g(i)) − sign(f (i − 1) − g(i − 1))|,

meet ′fg(n) = µm (1 + Ifg(m) = 2n),

meet ′′fg(n) = µm (Ifg(m) = 2n),

where sign(x) =
{

1 if x �= 0,
0 if x = 0.
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Definition 11. Given A ∈ TALLY and f, g ∈ PTGF such that f (n) = g(n) for
infinitely many n, A is called polynomial time computable relative to f, g if there
exists a polynomial p such that A is computable in time p(f (meet ′fg)), written

A ∈ P[f,g]
T . For the set A ∈ P[f,g]

T , we define a growth function uA by letting

uA(n) =
{
f (n) if n ∈ [meet ′fg(m),meet ′′fg(m)] for some 0m /∈ A,

g(n) otherwise.

Definition 12. For A ∈ P[f,g]
T , A is called semi-good if f < uA. A is called good

if both A and Ā are semi-good.

Lemma 14. Let f, g ∈ PTGF and A ∈ P[f,g]
T be semi-good. Then there exists

B ∈ P[f,g]
T such that B is good and uB ≤ uA.

Proof. It suffices to construct a set B ∈ P[f,g]
T satisfying for all e the following

requirements:

Re : There exists n > e such that uB(n) > (g(n))e.

Se : There exists n > e such that f (n) > (uB(n))
e.

T : uB(n) ≥ uA(n) for all n.

The construction is standard, which is omitted here. �

Theorem 6. Let f ≤w g ∈ PTGF. Then the following hold.

1. [f, g]comp = {u : there exist f ∈ f , g ∈ g and A ∈ P[f,g]
T such that u = uA

and A is good }.
2. If there exist f ∈ f, g ∈ g such that f (n) ≤ g(n+ 1) for all n, then [f, g]cup =

{u : u∈ [v, g] for some v ∈ [f, g]comp}.
Proof. 1. The inclusion ⊇ is straightforward. Now we show the inclusion ⊆ holds.
For any u ∈ [f, g]comp, by Lemma 13, there exist u, v, f, g such that f = maxu,v
and g = minu,v . Let A be defined by

0n ∈ A ⇐⇒ g(meet ′fg(n)) = u(meet ′fg(n)).

Then it is easily checked that u = uA, v = uĀ and A is good.
2. For the nontrivial implication, let u, v ∈ [f, g]cup, and let u ∈ u, v ∈ v, g ∈ g

such that g = minu,v . Define B ∈ P[f,g]
T by

0n ∈ B if and only if f (meet ′fg(n)) = v(meet ′fg(n)).

Then it is easily checked that u ∈ [uB, g] and B is semi-good. By Lemma 14, there
exists a good set A ∈ P[f,g]

T such that u ∈ [uA, g]. �

Let f, g ∈ PTGF such that f (n) = g(n) for infinitely many n, and let A,B ∈
P[f,g]
T . We say A ≡good B if (A − B) ∪ (B − A) is not good.
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Lemma 15. Let f, g ∈ PTGF such that f (n) = g(n) for infinitely many n. Then
{A : A ∈ P[f,g]

T , A is good} forms a countable infinite free Boolean algebra under
the inclusion relation module ≡good .

Proof. Straightforward. �

Theorem 7. Let f <w g. Then [f, g]comp is a countable infinite free Boolean alge-
bra.

Proof. Follows from Theorem 6 and Lemma 15. �

Corollary 3. Let f < g. Then the following are equivalent.

1. f <w g.
2. The four element Boolean algebra (diamond) can be embedded into the interval

[f, g] preserving both the least and the greatest elements.
3. Lω can be embedded into the interval [f, g] preserving both the least and the

greatest elements, where Lω is the countable atomless Boolean algebra.

Corollary 4. For f < g, Lω can be embedded into the interval [f, g] preserving
the least or the greatest element.

Proof. Follows from Lemma 12 and Theorem 7. �

Corollary 5. Let f < g. Then the 2-diamond can be embedded into the interval
[f, g] preserving both the least and the greatest elements.

Definition 13. Given two lattices L1 = 〈L1; ≤1〉 and L2 = 〈L2; ≤2〉, let
L1 · L2 = 〈L1 ∪ L2; ≤3〉, where for x, y ∈ L1 ∪ L1, x ≤3 y if and only if
one of the following holds.

1. x, y ∈ L1 and x ≤1 y.
2. x, y ∈ L2 and x ≤2 y.
3. x ∈ L1 and y ∈ L2.

Corollary 6. For f < g, Lω · Lω can be embedded into the interval [f, g]
preserving both the least and the greatest elements.

3.4. Subdirect product of chains

In this section, we show that, for any n, any interval in 〈PTGF; ≤〉 is a subdirect
product of n-chains. We start with some definitions and theorems from algebra and
lattice theory. For more details about the algebra and lattice theory, it is referred to
[6], [8], and [11].

Definition 14. An algebra A of type τ is said to be a subdirect product of a family
(As)s∈S of type τ if there exists an embedding f : A → 0s∈SAs such that for
each s ∈ S, ps ◦ f (the composition of f and g) is onto (where ps is the projection
function on the sth index).
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Definition 15. Given a chain K , let CK = {L : there is a subdirect embedding f

from L to 0s∈SKs where Ks
∼= K and S is any set}.

Theorem 8. ([6])

1. CM ⊂ C∞ ⊂ . . . ⊂ C3 ⊂ C2 = DL, where DL is the class of distributive
lattices and CM is the class of distributive lattices which have neither maximal
nor minimal prime ideals.

2. B ⊂ R ⊂ C2 − C3, where R is the class of all relatively complemented dis-
tributive lattices and B is the class of Boolean algebras.

Definition 16. For L ∈ DL, a chain a0 ≤ a1 ≤ . . . ≤ an−1 in L is a locally
separated n-chain if the system

a1 ∧ x0 ≤ a0
. . .

ai+1 ∧ xi ≤ ai ∨ xi−1 (i = 1, 2, . . . , n − 3)
. . .

an−1 ≤ an−2 ∨ xn−3

has no solution for x0, x1, . . . , xn−3 in L.

Theorem 9. ([6]) Let L ∈ DL. Then L ∈ Cn if and only if, for each pair a, b ∈ L

with a < b, there is a locally separated n-chain containing both a and b.

Theorem 10. Let f < g. Then 〈[f, g]; ≤,∩,∪〉 ∈ Cn for all n.

Proof. By Theorem 9, it suffices to prove that for each pair f0, g0 ∈ [f, g] with
f0 < g0 there exists a locally separated n-chain f0 ≤ f1 ≤ . . . ≤ fn−1 = g0.

A standard construction can be used to construct f0, f1, . . . , fn−1 such that the
following requirements are satisfied for all e.

Re : ∃m > e ((∀i < n (fi−1(m) > (fi(m))e)).

Now, for a contradiction, assume that the above constructed f0, f1, . . ., fn−1 =
g0 is not a locally separated n-chain. Then there exists a sequence h0, . . . , hn−3 ∈
PTGF such that

f1 ∩ h0 ≤ f0,

. . .

fi+1 ∩ hi ≤ fi ∪ hi−1 (i = 1, 2, . . . , n − 3),
. . .

fn−1 ≤ fn−2 ∪ hn−3.

Hence there exists k1 ≥ 2 such that for all m,

(max{f1(m), h0(m)})k1 ≥ f0(m),

. . .

(max{fi+1(m), hi(m)})k1 ≥ min{fi(m), hi−1(m)} (i = 1, 2, . . . , n − 3),
. . .

(fn−1(m))k1 ≥ min{fn−2(m), hn−3(m)}.
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By the requirement Rk2
1
, there exists m0 such that fi−1(m0) > (fi(m0))

k2
1 for

all i < n. By the above inequalities, we have,

h0(m0) > f1(m0)

h1(m0) > f2(m0)

. . .

hi(m0) > fi+1(m0)

. . .

hn−3(m0) > fn−2(m0).

Hence
(fn−1(m0))

k1 ≥ min{fn−2(m0), hn−3(m0)}
≥ fn−2(m0)

> fn−1(m0)
k2

1 .

This is a contradiction. �

3.5. Types of intervals

Now we turn our attention to the question of distinguishing intervals of 〈PTGF; ≤〉
with first order formulas. We start with an example.

Example 1. There exist f, g,u ∈ PTGF such that u ∈ [f, g]cup and (f,u] ∩
[f, g]comp = ∅.

Proof. Define the growth functions f, g, u, u′ by

f (0) = 0, f (2n + 1) = 22f (2n) , f (2n + 2) = f (2n + 1) + 1,
g(i) = i (i ≤ 2), g(2n + 1) = f (2n) + 1, g(2n + 2) = 2f (2n),
u(i) = i (i ≤ 2), u(2n + 1) = g(2n + 1), u(2n + 2) = f (2n + 2),
u′(i) = i (i ≤ 2), u′(2n + 1) = g(2n + 2), u′(2n + 2) = g(2n + 2) + 1.

It is straightforward to check that u < g,u′ < g and u ∪ u′ = g. That is,
u ∈ [f, g]cup.

In the following we show that (f,u] ∩ [f, g]comp = ∅. For a contradiction, as-
sume that there exist v ∈ (f,u], v′ ∈ [f, g] such that f = maxv,v′ and g = minv,v′ .
Then f (2n + 2) ≥ v(2n + 2) ≥ u(2n + 2) = f (2n + 2), that is, f (2n + 2) =
v(2n+2). This implies that g(2n+2) = v′(2n+2). Since g(2n+2) < f (2n+1),
we must havef (2n+1) = v(2n+1). This again implies thatg(2n+1) = v′(2n+1).
That is, we have f (n) = v(n) and g(n) = v′(n) for all n. A contradiction with the
assumption that v ∈ (f,u]. �

Theorem 11. There exist two intervals [u, v] and [f, g] such that

T h(〈[f, g]; ≤,∩,∪〉) �= T h(〈[u, v]; ≤,∩,∪〉),

where T h(M) denotes the first order theory of M.
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Proof. This follows from Example 1 and (5) of Theorem 6. �
Theorem 11 shows that the property “[f, g]cup ⊃ {u : u ∈ [v, g] for some

v ∈ [f, g]comp}" can be used to distinguish intervals. Indeed this property can be
used to distinguish more intervals. First we define some formulas.

ϕ1(x, y) = ∀u (u ∈ [x, y]cup → (∃v ∈ [x, y]comp (v ≤ u))),
ϕ2(x, y) = (¬ϕ1(x, y)) ∧ (∃u ∈ [x, y] (ϕ1(x, u) ∧ ϕ1(u, y))),
ϕ3(x, y) = (¬ϕ1(x, y) ∧ ¬ϕ2(x, y)) ∧ (∃u ∈ [x, y] (ϕ1(x, u) ∧ ϕ2(u, y))),
. . . . . .

ϕn+1(x, y) = (¬ϕ1(x, y) ∧ . . . ∧ ¬ϕn(x, y)) ∧ (∃u ∈ [x, y] (ϕ1(x, u) ∧
ϕn(u, y))),

. . . . . .

Lemma 16. For any intervals [f1, g1] and [f2, g2], if i �= j and both ϕi(f1, g1) and
ϕj (f2, g2) are true, then

T h(〈[f1, g1]; ≤,∩,∪〉) �= T h(〈[f1, g2]; ≤,∩,∪〉).

Proof. Straightforward. �

Lemma 17. There exist f1 ≤ g1 ≤ g2 ≤ . . . such that ϕi(f1, gi ) is true for all i.

Proof. The construction of the sequence f1 ≤ g1 ≤ g2 ≤ . . . is the same as the
construction in the proof of Example 1, the details are omitted here. �

Theorem 12. There exist infinitely many intervals that can be distinguished by first
order properties.

Proof. This follows from Lemmas 16 and 17. �

3.6. Nontrivial automorphisms

Up to now, we have only considered the first order theory of 〈D̂; ≤〉. As a first
step of a detailed study of the second order theory of 〈D̂; ≤〉, in this section we
construct infinitely many nontrivial automorphisms for 〈D̂; ≤〉. The outline of the
proof is as follows: In Theorem 13, we will construct isomorphism FA from 〈D̂; ≤〉
to 〈(·,deg1(A)] ∩ D̂; ≤〉 for certain set A. In Theorem 14, we will construct iso-
morphism GA from 〈D̂; ≤〉 to 〈(·,deg1(A)] ∩ D̂; ≤〉 for certain set A. Then we will
show that for infinitely many A, G−1

A FA is a nontrivial isomorphism of 〈D̂; ≤〉.

Theorem 13. Let A ∈ D̂ such that, for each polynomial p(n), there exist polyno-
mials p1 and p2 satisfying

1. p(censA(n)) ≤ censA(p1(n)).

2. censA(p(n)) ≤ p2(censA(n)).

Then 〈PTGF; ≤,∪,∩〉 ∼= 〈(·,deg1(A)] ∩ D̂; ≤,∪,∩〉.
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Proof. Define the mapping FA from PTGF to B = {C : C ⊆ A} ∩ PT by

FA : f )→ Cf

such that growCf
(n) = growA(f (n)).

It is straightforward to check that FA is an onto mapping and censCf
(n) =

censf (censA(n)) for all n. It suffices to show that FA induces an isomorphism be-
tween 〈PTGF; ≤,∪,∩〉 and 〈(·,deg1(A)]∩D̂; ≤,∪,∩〉. We do this by establishing
a series of claims.

Claim 1. Let f (n) = n. Then FA(f ) = A.

Proof. Straightforward.

Claim 2. The mapping FA induces an onto mapping from PTGF to (·,deg1(A)]∩
D̂.

Proof. It suffices to show that for all C ∈ D̂ with C ≤p

1 A, there exists C1 ∈ B
such that C ≡p

1 C1.

Construction of C1 from C.
C1(0) = 0.
Stage s.
Let x = 0s . For the definition of C1(x), we distinguish the following two cases.

1. x �∈ C.
If C1(x) has been defined then do nothing, else let C1(x) = 0. Go to stage
s + 1.

2. x ∈ C.
Fix x0 = min{y : y ∈ A,C1(y) ↑}, let C1(x0) = 1 and, for all y < x0 such
that C1(y) is not defined yet, let C1(y) = 0. Go to stage s + 1.

End of construction.

It is straightforward to check that C1 ∈ B and censC1(n) ≤ censC(n) for all n.
Now we show that censC(n) ≤ censC1(p1(p3(n))), where p3(n) is the polyno-

mial satisfying censC(n) ≤ censA(p3(n)) and p1(n) is the polynomial satisfying
growA(2censA(n)) ≤ p1(n), the existence of p1 is insured by the first condition.
Since

‖A[n,p1(p3(n))]‖ ≥ censA(p1(p3(n))) − censA(n)

≥ censA(growA(2censA(p3(n)))) − censA(n)

= 2censA(p3(n)) − censA(n)

≥ censA(p3(n))

≥ censC(n),

by the construction, censC(n) ≤ censC1(p1(p3(n))). Hence, C ≡# C1. By (3) of
Lemma 8, C ≡p

1 C1.

Claim 3. f1 ≤# f2 if and only if Cf1 ≤p

1 Cf2 .
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Proof. First assume that f1 ≤# f2. Then there exists a polynomial p such that
censf1(n) ≤ censf2(p(n)). Let p1 be the polynomial such that p(censA(n)) ≤
censA(p1(n)). Then

censCf1
(n) = censf1(censA(n))

≤ censf2(p(censA(n)))

≤ censf2(censA(p1(n)))

= censCf2
(p1(n)).

That is, Cf1 ≤# Cf2 . Hence Cf1 ≤p

1 Cf2 .
For the other direction, assume that Cf1 ≤p

1 Cf2 . Then Cf1 ≤# Cf2 via
p for some polynomial p. Let p2 be the polynomial such that censA(p(n)) ≤
p2(censA(n)). Then

f2(n) = censA(growA(f2(n)))

= censA(growCf2
(n))

≤ censA(p(growCf1
(n)))

≤ p2(censA(growCf1
(n)))

= p2(censA(growA(f1(n))))

= p2(f1(n)).

Claim 4. For f1, f2 ∈ PTGF , deg1(Cf1∪f2) = deg1(Cf1) ∪ deg1(Cf2).

Proof.
growCf1∪f2

(n) = growA((f1 ∪ f2)(n))

= min{growA(f1(n)), growA(f2(n))}
= min{growCf1

(n), growCf2
(n)}

Hence, by the proof of Lemma 10, deg1(Cf1∪f2) = deg1(Cf1) ∪ deg1(Cf2).

Claim 5. For f1, f2 ∈ PTGF , deg1(Cf1∩f2) = deg1(Cf1) ∩ deg1(Cf2).

Proof. The same as the proof of Claim 4.. �
Corollary 7. Given m ∈ ω, let A be defined by growA(n) = n(log n)m . Then

〈D̂; ≤,∩,∪〉 ∼= 〈(·,deg1(A)] ∩ D̂; ≤,∩,∪〉 via FA.

Proof. First, it is obvious that (·,deg1(A)] ∩ D̂ = (·,deg1(A)].
Let p = nk . Then

p(censA(n)) ≤ 2k
m+1

√
log n

= 2
m+1

√
log(nk1+m

)

≤ censA(n
k1+m

) + 1

≤ censA(n
(2k)m+1

)

and
censA(p(n)) = [2

m+1
√

k log n]

≤ (2
m+1

√
log n)

m+1√
k

≤ (censA(n) + 1)
m+1√

k.

Now the corollary follows from Theorem 13. �
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Theorem 14. Let A ∈ D̂ such that there exists k0 satisfying

log(growA(n))

log(growA(n + i))
≤ k0 log n

log(n + i)

for all n and i. Then 〈PTGF; ≤,∪,∩〉 can be embedded into 〈(·,deg1(A)]∩ D̂; ≤
,∪,∩〉 preserving the greatest element. Moreover, if there exists a number series
{an} such that �∞

n=0an converges and growA(n + 1) ≤ (growA(n))
1+an+1 for all

n, then 〈PTGF; ≤,∪,∩〉 ∼= 〈(·,deg1(A)] ∩ D̂; ≤,∪,∩〉.

Proof. Define the mapping GA : PTGF → D̂ by letting GA(f ) = Cf ⊕ ∅ such
that

growCf
(n + 1) = max{(growA(n + 1))k

f
n+1 , growCf

(n) + 1}

where kfn = µk (nk ≥ f (n)).
Now we show that GA induces a lattice embedding from 〈PTGF; ≤,∪,∩〉 to

〈(·,deg1(A)] ∩ D̂; ≤,∪,∩〉 by establishing a series of claims. Note that, usually,
GA does not induce an isomorphism.

Claim 1. Let f (n) = n. Then GA(f ) = A ⊕ ∅.

Proof. Straightforward.

Claim 2. 1. If x ≥ 1 and y ≥ 1, then x + y ≤ 2xy.

2. For all n and i, k
f
n log n

log(n+i)
≤ k

f
n+i + 1.

Proof. 1. 2xy = xy + xy ≥ x + y.

2. nk
f
n = n · nkfn −1

< n · f (n)
< (n + i)f (n + i)

≤ (n + i)k
f
n+i+1.

Hence kfn log n ≤ (k
f
n+i + 1) log(n + i), that is, k

f
n log n

log(n+i)
≤ k

f
n+i + 1.

Claim 3. LetCf ≤# Cg via nk . For n ∈ ω, if (growA(n+1))k
f
n+1 < growCf

(n)+
1, then k

g

n+1 ≤ 5kk0k
f

n+1.

Proof. Let

n0 = max{s : (growA(s))
k
f
s ≥ growCf

(s − 1) + 1, s ≤ n}

and i = n + 1 − n0. By the definition of Cf and Cg ,

(growCf
(n + 1))k = ((growA(n0))

k
f
n0 + i)k ≥ growCg (n + 1)

≥ (growA(n0 + i))
k
g
n0+i .
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Hence

k
g
n0+i log(growA(n0 + i)) ≤ k log((growA(n0))

k
f
n0 + i)

≤ 2kkfn0 log(growA(n0)) + k log i.

By the hypothesis and Claim 2.,

k
g
n0+i ≤ k + 2kfn0k

log(growA(n0))
log(growA(n0+i))

≤ k + 2kk0k
f
n0

log n0
log(n0+i)

≤ k + 2kk0 + 2kk0k
f
n0+i

≤ 5kk0k
f
n0+i .

That is, kgn+1 ≤ 5kk0k
f

n+1.

Claim 4. f ≤# g if and only if Cf ≤# Cg (that is, Cf ⊕ ∅ ≤p

1 Cg ⊕ ∅).

Proof. First, assume that f ≤# g. Then there exists k such that (f (n))k ≥ g(n) for

all n. So nk
f
n k ≥ g(n), hence kfn k ≥ k

g
n .

Now we prove that (growCf
(n))k ≥ growCg (n) (i.e. Cf ≤# Cg) by induction

on n.

(growCf
(0))k ≥ growCg (0),

(growCf
(n + 1))k = max{(growA(n + 1))k

f
n+1k, (growCf

(n) + 1)k}
≥ max{(growA(n + 1))k

g
n+1 , (growCf

(n))k + 1}
≥ max{(growA(n + 1))k

g
n+1 , growCg (n) + 1}

= growCg (n + 1).

For the other direction, assume that Cf ≤# Cg via nk . Then

max{(growA(n + 1))kk
f
n+1 , (growCf

(n) + 1)k}
≥ max{(growA(n + 1))k

g
n+1 , growCg (n) + 1}.

We distinguish the following two cases:

Case 1. (growA(n + 1))k
f
n+1 ≥ growCf

(n) + 1.
Then

(growA(n + 1))kk
f
n+1 ≥ (growA(n + 1))k

g
n+1 ,

that is, kfn+1k ≥ k
g

n+1. So

(f (n + 1))2k ≥ (n + 1)k(f (n + 1))k

≥ (n + 1)k(n + 1)(k
f
n+1−1)k

≥ (n + 1)k
g
n+1

≥ g(n + 1).
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Case 2. (growA(n + 1))k
f
n+1 < growCf

(n) + 1.
Let n0 and i be defined as in the proof of Claim 3.. Then, by Claim 3.,

(f (n + 1))10kk0 = (f (n0 + i))10kk0

≥ (n0 + i)5kk0(f (n0 + i))5kk0

≥ (n0 + i)
5kk0+5kk0(k

f
n0+i−1)

= (n + 1)5kk0k
f
n+1

≥ (n + 1)k
g
n+1

≥ g(n + 1).

Claim 5. For any f ∈ PTGF , growCf
(n + 1) ≤ (growA(n + 1))3kfn+1k0 .

Proof. If growCf
(n + 1) = (growA(n + 1))k

f
n+1 , then the claim holds obviously.

If growCf
(n + 1) = growCf

(n) + 1, then let n0 and i be defined as in the
proof of Claim 3.. By Claim 2.,

growCf
(n + 1) = (growA(n0))

k
f
n0 + i

= 2log((growA(n0))
k
f
n0 +i)

≤ 2k
f
n0 log(growA(n0))+log(2i)

≤ 2
(k

f
n0+i+1)

log(n0+i)

log n0
log(growA(n0))+log(2i)

≤ 2
(k

f
n0+i+1)

log(n0+i)

log n0
k0

log n0
log(n0+i)

log(growA(n0+i))+log(2i)

= 2
(k

f
n0+i+1)k0 log(growA(n0+i))+log(2i)

≤ 2log((growA(n0+i))
k0k

f
n0+i

+k0+1
)

≤ (growA(n + 1))3k0k
f
n+1 .

Claim 6. For all f, g ∈ PTGF , kf∪g
n = min{kfn , kgn} and k

f∩g
n = max{kfn , kgn}.

Proof. Straightforward.

Claim 7. For all f, g ∈ PTGF , deg1(Cf ⊕∅)∪deg1(Cg⊕∅) = deg1(Cf∪g⊕∅).



Isomorphic types of tally, polynomial time computable sets 235

Proof. Let C1 ⊕ ∅ ∈ deg1(Cf ⊕ ∅) ∪ deg1(Cg ⊕ ∅) be defined in such a way that
for all n,

growC1(n) = min{growCf
(n), growCg (n)}.

It suffices to show that C1 ≡# Cf∪g . By Claim 6.,

growCf∪g (n + 1)

= max{growCf∪g (n) + 1, (growA(n + 1))k
f∪g
n+1 }

= max{growCf∪g (n) + 1,min{(growA(n + 1))k
f
n+1 , (growA(n + 1))k

g
n+1}}.

So, by Claim 5.,

(growCf∪g (n + 1))3k0

= max{(growCf∪g (n) + 1)3k0 ,min{(growA(n + 1))k
f
n+13k0 ,

(growA(n + 1))k
g
n+13k0}}

≥ max{(growCf∪g (n) + 1)3k0 ,min{growCf
(n + 1), growCg (n + 1)}}

≥ min{growCf
(n + 1), growCg (n + 1)}

= growC1(n + 1).

Hence, Cf∪g ≤# C1.
It is straightforward to check that C1 ≤# Cf∪g . This completes the proof of the

claim.

Claim 8. For all f, g ∈ PTGF , deg1(Cf ⊕∅)∩deg1(Cg⊕∅) = deg1(Cf∩g⊕∅).
Proof. Let C2 ⊕ ∅ ∈ deg1(Cf ⊕ ∅) ∩ deg1(Cg ⊕ ∅) be defined in such a way that
for all n,

growC2(n) = max{growCf
(n), growCg (n)}.

It suffices to show thatC2 = Cf∩g . In order to prove this, we prove by induction
on n that

growCf∩g (n) = growC2(n).

By Claim 6.,

growCf∩g (0) = 0 = growC2(0),

growCf∩g (n + 1)

= max{growCf∩g (n) + 1, (growA(n + 1))k
f∩g
n+1 }

= max{growCf∩g (n) + 1,max{growA(n + 1))k
f
n+1 , growA(n + 1))k

g
n+1}}

= max{max{growCf
(n), growCg (n)} + 1,max{growA(n + 1))k

f
n+1 ,

growA(n + 1))k
g
n+1}}

= max{growCf
(n + 1), growCg (n + 1)}.

This completes the proof of the claim.
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Claim 9. If there exists a number series {an} as in the hypothesis, then, for all
C ∈ D̂, C ≤p

1 A if and only if there exist CA ⊕ ∅ ∈ D̂ and f ∈ PTGF such that
deg1(CA ⊕ ∅) = deg1(C) and GA(f ) = CA ⊕ ∅.

Proof. We define the set CA ⊕ ∅ ∈ D̂ and the census function f at the same time
by induction on n.

Assume that f (n) and growCA
(n) have been defined. First let

k′
n+1 = µk ((growA(n + 1))k > growC(n + 1)),
k′′
n+1 = µk ((n + 1)k ≥ f (n) + 1).

We distinguish the following two cases:
Case 1. growCA

(n) + 1 ≥ max{(growA(n + 1))k
′′
n+1 , growC(n + 1)}.

Let
kn+1 = k′′

n+1,

f (n + 1) = f (n) + 1,
growCA

(n + 1) = growCA
(n) + 1.

Case 2. growCA
(n) + 1 < max{(growA(n + 1))k

′′
n+1 , growC(n + 1)}.

Let
kn+1 = max{k′

n+1, k
′′
n+1},

f (n + 1) = max{(n + 1)kn+1−1 + 1, f (n) + 1},
growCA

(n + 1) = (growA(n + 1))kn+1 .

It is easily checked that kn = µk (nk ≥ f (n)), (growA(n))
kn ≤ growCA

(n)

and GA(f ) = CA ⊕ ∅, that is, CA = Cf .
Obviously, growCA

(n) ≥ growC(n) for all n, so CA ≤# C.
Now we prove C ≤# CA by finding a k ∈ ω such that (growC(n))

k ≥
growCA

(n) for all n.
Let s ≥ 2 satisfy growA(n) ≤ (growC(n))

s/2. We will prove by induction on
n that

growCA
(n) ≤ (growC(n))

sΠn
i=0(1+ai ).

Obviously,

growCA
(0) = 0 ≤ 0 = (growC(0))

s(1+a0).

For the induction step, we distinguish the following two cases.
Case 1. growCA

(n + 1) = growCA
(n) + 1.

(growC(n + 1))sΠ
n+1
i=0 (1+ai ) ≥ (growC(n) + 1)sΠ

n+1
i=0 (1+ai )

≥ (growC(n))
sΠn

i=0(1+ai ) + 1
≥ growCA

(n) + 1 = growCA
(n + 1).

Case 2. growCA
(n + 1) > growCA

(n) + 1.

growCA
(n + 1) = (growA(n + 1))kn+1 .
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If kn+1 = k′
n+1, then

growCA
(n + 1) = (growA(n + 1))kn+1

= growA(n + 1)(growA(n + 1))kn+1−1

≤ growA(n + 1)growC(n + 1)
≤ (growC(n + 1))1+s/2

≤ (growC(n + 1))s .

If kn+1 = k′′
n+1, then, by

(n + 1)kn ≥ nkn + 1
≥ f (n) + 1

and the definition of k′′
n+1, kn ≥ k′′

n+1 = kn+1 and

growCA
(n + 1) = (growA(n + 1))kn+1

≤ (growA(n + 1))kn

≤ (growA(n))
kn(1+an+1)

≤ (growCA
(n))1+an+1

≤ (growC(n))
sΠn

i=0(1+ai )(1+an+1)

= (growC(n))
sΠn+1

i=0 (1+ai )

≤ (growC(n + 1))sΠ
n+1
i=0 (1+ai ).

This completes the induction.
Now let a = Π∞

i=0(1 + ai) and k = sa. Then, for all n,

growCA
(n) ≤ (growC(n))

sΠn
i=0(1+ai )

≤ (growC(n))
k. �

Corollary 8. If a set A ∈ D̂ satisfies any one of the following conditions, then
〈D̂; ≤,∩,∪〉 can be embedded into 〈(·,deg1(A)] ∩ D̂; ≤,∩,∪〉.

1. growA(n) = an for some a ≥ 2.
2. growA(n) = nn.
3. growA(1) = 1 and growA(n + 1) = 2growA(n).

Proof. It is straightforward to check that for these A, the requirement of the The-
orem 14 is satisfied. �
Corollary 9. Let A ∈ D̂ be defined by growA(n) = n(log n)m for some m ∈ ω.
Then

〈D̂; ≤,∩,∪〉 ∼= 〈(·,deg1(A)] ∩ D̂; ≤,∩,∪〉 via GA.

Proof.
growA(n+1)
growA(n)

= 2(log(n+1))m+1−(log n)m+1

= (2(log n)m+1
)
(log(n+1))m+1−(log n)m+1

(log n)m+1

= (growA(n))
(log(n+1))m+1−(log n)m+1

(log n)m+1 .

Let an+1 = (log(n+1))m+1−(log n)m+1

(log n)m+1 . Then it is easily checked that �∞
n=1an converg-

es. Now the corollary follows from Theorem 14. �
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Theorem 15. There exist infinitely many nontrivial automorphisms for 〈D̂; ≤,∪,∩〉.

Proof. Let Am be defined by growAm(n) = n(log n)m and Fm, Gm be the iso-
morphisms in Corollary 7 and Corollary 9 corresponding to Am. Then, for all m,
Im = G−1

m Fm is an automorphism for 〈D̂; ≤,∪,∩〉. We have to prove that there
exists f , such that f �= I1(f) �= I2(f) �= . . ..

Let f be defined by f (n) = nn. Then

growFm(f )(n) = (nn)(log(nn))m = nn
m+1(log n)m

and
growG−1

m (F(f )⊕∅)(n) = nn
m+1

.

That is, Im(f) = g, where g(n) = nn
m+1

. Hence f �= I1(f) �= I2(f) �= . . .. �

4. The class S

In this section, we study the p-isomorphic type structure of S, which is the class of
scatted sets (i.e., neither dense nor co-dense). It is shown that 〈deg1(S); ≤〉 is not
distributive, but any interval in 〈deg1(S); ≤〉 is a countable distributive lattice. The
cap, cup and lattice embedding properties of 〈deg1(S); ≤〉 are discussed also.

4.1. Basic facts

For a study of S, we first introduce a concept: census function pair. LetPTCFP1 =
{(u, v) : u, v ∈ PTCF } and PTCFP2 = {(u, v) : u, v ∈ PTCF and u(n) +
v(n) = n for all n}. Obviously PTCFP2 ⊂ PTCFP1.

Definition 17. Let (u1, v1), (u2, v2) ∈ PTCFPi (i = 1, 2). (u1, v1) ≤# (u2, v2)

if and only if u1 ≤# u2 and v1 ≤# v2. (u1, v1) ≡# (u2, v2) if and only if (u1, v1) ≤#

(u2, v2) and (u2, v2) ≤# (u1, v1).

Later we will use the following notation: For (u1, v1), (u2, v2) ∈ PTCFP1,
(u1, v1)∪ (u2, v2) denotes (u1 ∪u2, v1 ∪ v2) and (u1, v1)∩ (u2, v2) denotes (u1 ∩
u2, v1 ∩ v2). PTCFPi (i = 1, 2) denotes the quotient structure of PTCFPi under
≡#.

Theorem 16. 1. 〈PTCFP1; ≤,∪,∩〉 is a countable distributive lattice.
2. 〈PTCFP2; ≤,∪〉 can be embedded into 〈PTCFP1; ≤,∪〉 as an upper semi-

lattice.
3. 〈PTCFP2; ≤〉 ∼= 〈deg1(PT ) − F − F̂; ≤〉.

Proof. The proof of the first item is the same as the proof of Theorem 1 and the
other two items are straightforward. �

In the following, we will use the census function pairs to give some properties
of the operators ∪ and ∩ for deg1(PT ).
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Definition 18. For (u, v) ∈ PTCFPi (i = 1, 2), let

(u, v)2 =
{
(u1, v1) if for some (u1, v1) ∈ PTCFP2 and (u1, v1) ≡# (u, v)

undefined otherwise

Lemma 18. Let (u, v) ∈ PTCFP1. Then (u, v)2 exists if and only if there exists
k ∈ ω such that n ≤ u(nk) + v(nk) for all n.

Proof. Assume that (u1, v1) ∈ PTCFP2 and (u1, v1) ≡# (u, v) via nk . Then
n = u1(n) + v1(n) ≤ u(nk) + v(nk) for all n.

For the other direction, assume that n ≤ u(nk) + v(nk) for all n. Let

T = {(u1, v1) : u(n/2) ≤ u1(n) ≤ u(nk), v(n/2) ≤ v1(n) ≤ v(nk),

u1(n) + v1(n) = n}.
Then T ⊆ PTCFP2 and, by the hypothesis, T is not empty. Obviously, for every
element (u1, v1) of T , (u1, v1) ≡# (u, v). �

Corollary 10. Let (u1, v1), (u2, v2) ∈ PTCFP2. Then (u1 ∩ u2, v1 ∩ v2)2 exists
if and only if there exists k such that, for all n,

n ≤ min{u1(n
k), u2(n

k)} + min{v1(n
k), v2(n

k)}.
Corollary 11. For A,B ∈ PT − F − F̂ , deg1(A) ∩ deg1(B) exists if and only if
there exists k such that for all n,

n ≤ min{censA(nk), censB(nk)} + min{censĀ(nk), censB̄(nk)},
and then deg1(A) ∩ deg1(B) = deg1(C), where C ∈ PT satisfies

(censC, censC̄) = (min{censA, censB},min{censĀ, censB̄})2.

Corollary 12. For A,B ∈ PT − F − F̂ , deg1(A) ∩ deg1(B) exists if and only if
there exists C ∈ PT such that C ≤p

1 A and C ≤p

1 B.

We close this section with two observations that, for some a ∈ S, 〈(·, a]; ≤,∪〉
is not a lattice and, for some b ∈ S, 〈(·,b]; ≤,∪〉 is a lattice,

Theorem 17. There exists a ∈ S such that 〈(·, a]; ≤,∪〉 is not a lattice.

Proof. Let f (0) = 0, f (n + 1) = 2f (n), and

A = {0n : f (3i) ≤ n < f (3i + 1)} ∪ {0n : f (3i + 1) ≤ n < f (3i + 2) and n

is even}
B = {0n : f (3i) ≤ n <

f (3i+1)+f (3i+2)
2 }

C = {0n : f (3i) ≤ n < f (3i + 1)} ∪ {0n : f (3i+1)+f (3i+2)
2 ≤ n < f (3i + 2)}.

Then it can be easily checked that A ∈ S, deg1(B) < deg1(A) and deg1(C) <

deg1(A), but deg1(B) ∩ deg1(C) does not exist. �

Theorem 18. Let f (0) = 0, f (n + 1) = 2f (n) and A = {0n : f (2i) ≤ n <

f (2i + 1)}. Then A ∈ S and 〈(·,deg1(A)]; ≤,∪,∩〉 is a lattice.
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Proof. It suffices to show that, for all B,C ≤p

1 A, deg1(B) ∩ deg1(C) exists.
Let p(n) be a polynomial such that, for all n

censB(n) ≤ censA(p(n)),

censC(n) ≤ censA(p(n)),

censB̄(n) ≤ censĀ(p(n)),

censC̄(n) ≤ censĀ(p(n)).

Let n0 be fixed such that, for all i with f (i) > n0, p(2f (i)) < f (i + 1). For
n > n0, let in = µi (n ∈ [f (i), f (i+1)]). We distinguish the following two cases.

Case 1. p(2n) < f (in + 1).
W.l.o.g, assume that in is even. Then
censB̄(2n) ≤ censĀ(p(2n)) = censĀ(2n) ≤ f (in).
censC̄(2n) ≤ censĀ(p(2n)) = censĀ(2n) ≤ f (in).
So

min{censB(2n), censC(2n)} + min{censB̄(2n), censC̄(2n)}
≥ min{censB(2n), censC(2n)}
= min{2n − censB̄(2n), 2n − censC̄(2n)}
≥ min{2n − f (in), 2n − f (in)}
= 2n − f (in)

≥ n.

Case 2. p(2n) ≥ f (in + 1).
W.l.o.g., assume that in + 1 is even. Then
censB̄(2f (in + 1)) ≤ censĀ(p(2f (in + 1))) ≤ f (in + 1).
censC̄(2f (in + 1)) ≤ censĀ(p(2f (in + 1))) ≤ f (in + 1).
So

min{censB(2p(2n)), censC(2p(2n))} + min{censB̄(2p(2n)), censC̄(2p(2n))}
≥ min{censB(2f (in + 1)), censC(2f (in + 1))}
= min{2f (in + 1) − censB̄(2f (in + 1)), 2f (in + 1) − censC̄(2f (in + 1))}
≥ min{2f (in + 1) − f (in + 1), 2f (in + 1) − f (in + 1)}
= f (in + 1)
≥ n.

Hence, by Corollary 11, deg1(B) ∩ deg1(C) exists. �

4.2. Distributivity

In this section, we discuss the distributivity of 〈S; ≤〉.

Definition 19. An upper semilattice L = 〈A; ≤〉 is distributive if for all a, b, c ∈ A

a ≤ b ∪ c → ∃d ≤ b ∃e ≤ c (a = d ∪ e).

Theorem 19. 〈S; ≤〉 is not distributive.
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Proof. Let a ∈ S. Then a ≤ 1 = a ∪ ā. By Corollary 11, it can been easily checked
that a ∩ ā does not exist. Hence there is no d ≤ a, e ≤ ā such that a = d ∪ e.
Otherwise, e ≤ ā, a, which implies that a ∩ ā exists. �

In the following, we will show some distributive properties inside 〈S; ≤〉.
Lemma 19. For (a1, a2), (b1, b2), (c1, c2) ∈ PTCFP2 with (c1, c2) ≤# (a1, a2)∪
(b1, b2), if both ((a1, a2)∩(c1, c2))2 and ((b1, b2)∩(c1, c2))2 exist, then (c1, c2) ≡#

(((a1, a2) ∩ (c1, c2))2 ∪ ((b1, b2) ∩ (c1, c2))2)2.

Proof.

(((a1, a2) ∩ (c1, c2))2 ∪ ((b1, b2) ∩ (c1, c2))2)2

≡# (a1 ∩ c1, a2 ∩ c2)2 ∪ (b1 ∩ c1, b2 ∩ c2)2

≡# ((a1 ∩ c1) ∪ (b1 ∩ c1), (a2 ∩ c2) ∪ (b2 ∩ c2))2

≡# (c1 ∩ (a1 ∪ b1), c2 ∩ (a2 ∪ b2))2

≡# (c1, c2)2

≡# (c1, c2). �

Theorem 20. For f, g,h ∈ PTCFP2 with h ≤ f ∪ g, if both h ∩ f and h ∩ g exist,
then f = (h ∩ f) ∪ (h ∩ g).

Proof. Follows from Lemma 19. �

Corollary 13. For a,b, c ∈ S with a<b, the following properties hold.

1. 〈[a,b]; ≤,∪,∩〉 is a distributive lattice.
2. 〈(·, c]; ≤〉 is a lattice if and only if 〈(·, c]; ≤〉 is distributive.

4.3. Density

In this section, we show the dense property of 〈S; ≤〉. We start with a lemma.

Lemma 20. Given A ∈ S, there exists a set B ∈ S such that B ≤p

1 A and, for all

k, n ∈ ω, there exist n1, n2 > n such that ({0}∗)[n1,n
k
1] ⊆ B and ({0}∗)[n2,n

k
2] ⊆ B̄.

Proof. Define a set B by letting

censB(n + 1) = censB(n) + 1 ⇐⇒ censA(2n + 2) ≥ n + 1.

We show that B satisfies the requirements by establishing a series of claims.

Claim 1. For all n, censB̄(n) ≤ censĀ(2n) and censB(n) ≤ censA(2n). That is,
B ≤p

1 A.

Proof. Straightforward.

Claim 2. B ∈ S.

Proof. Follows from Claim 1. and Lemma 7.
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Claim 3. For all n, k ∈ ω, there exist n1, n2 > n such that ({0}∗)[n1,n
k
1] ⊆ B and

({0}∗)[n2,n
k
2] ⊆ B̄.

Proof. Because A ∈ S, we know that, for n ∈ ω, there exists n0 > n such
that censĀ(2

k+1nk0) < n0. By the construction, there exists n1 < 2n0 such that
censB(n1) ≥ censA(n1). Again, by the construction and the property censĀ(2

k+1nk0)

< n0, ({0}∗)[n1,2knk0] ⊆ B. Hence ({0}∗)[n1,n
k
1] ⊆ B. In the same way, we can show

that there exists n2 such that ({0}∗)[n2,n
k
2] ⊆ B̄.

All these claims complete the proof of Lemma 20. �

Lemma 21. Let A ∈ S such that, for all polynomial p and n ∈ ω, there exist
n1, n2 > n satisfying ({0}∗)[n1,p(n1)] ⊆ A and ({0}∗)[n2,p(n2)] ⊆ Ā. Then there
exists B ∈ S such that B <

p

1 A.

Proof. Let B = {x : x0 ∈ A}. Obviously B ≤p

1 A. W.l.o.g., we may assume
that 0 ∈ A. In order to show A �≤p

1 B, we have to show that, for all k, n ∈ ω,
there exists n0 > n such that censA(n0) > censB(n

k
0). By the hypothesis, for

p(n) = nk+1 and for alln, there existsn0 > n such that ({0}∗)[n0,n
k
0+1] ⊆ Ā. Hence

censA(n0) = 1 + censB(n0) = 1 + censB(n
k
0), that is, censA(n0) > censB(n

k
0). �

Theorem 21. Given A ∈ S, there exists B ∈ S such that B <
p

1 A.

Proof. This follows from Lemma 20 and Lemma 21. �

Theorem 22. For A,B ∈ S with B <
p

1 A, there exists a countable set of indepen-
dent degrees in the interval [deg1(B),deg1(A)].

Proof. W.l.o.g., we may assume that censA �≤# censB . Then there exists a countable
set {un : n ∈ ω} of independent degrees of PTCF in the interval [censB, censA].
Obviously, for each n, (un, censB̄)2 exists. Let Cn be defined in such a way that
(censCn, censC̄n

) = (un, censB̄)2. Then, for all n, B <
p

1 Cn <
p

1 A. Hence
{deg1(Cn) : n ∈ ω} is a countable set of independent degrees in the interval
[deg1(B),deg1(A)]. �

Corollary 14. For A,B ∈ S such that B <
p

1 A, any countable distributive lattice
can be embedded into 〈[deg1(B),deg1(A)]; ≤〉.

4.4. Cap, cup, and lattices embedding

In this section, we briefly mention some cap, cup properties and we show that the
diamond can be embedded into any intervals of 〈S; ≤〉 preserving both the least
and the greatest elements.

Theorem 23. There existA,B ∈ S withB <
p

1 A such that deg1(B) is not cuppable
to deg1(A) and deg1(A) is not cappable to deg1(B).

Proof. The proof of the theorem is an extension of the proofs of Theorems 2 and 4.
The details are omitted. �
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Theorem 24. Let A,B ∈ S such that B <
p

1 A. Then the diamond can be embed-
ded into 〈[deg1(B),deg1(A)]; ≤,∪,∩〉 preserving both the least and the greatest
elements.

Proof. We distinguish the following three cases.
Case 1. censĀ ≡# censB̄ . First it is straightforward to check that censB <w

censA. By Corollary 3, there exist f, g ∈ (censB, censA) such that f ∪ g = censA
and f ∩ g = censB . Let C,D ∈ S be defined by

(censC, censC̄) = (f, censĀ)2
(censD, censD̄) = (g, censĀ)2

Then deg1(C), deg1(D) ∈ (deg1(B),deg1(A)), deg1(C) ∪ deg1(D) = deg1(A)

and deg1(C) ∩ deg1(D) = deg1(B).
Case 2. censA ≡# censB . The same as the proof of Case 1.
Case 3. censA �≡# censB and censĀ �≡# censB̄ .
Let C,D ∈ S be defined by

(censC, censC̄) = (censB, censĀ)2
(censD, censD̄) = (censA, censB̄)2

Then it is easily checked that deg1(C), deg1(D) ∈ (deg1(B),deg1(A)), deg1(C)∪
deg1(D) = deg1(A) and deg1(C) ∩ deg1(D) = deg1(B). �

Corollary 15. ForA ∈ S andB ∈ D̂,T h(〈(·,deg1(A)]; ≤,∪,∩〉) �= T h(〈(·,deg1
(B)]; ≤,∪,∩〉).

We close this section with an observation that there are infinitely many isomor-
phic intervals in 〈S; ≤〉.
Theorem 25. For A ∈ S, there exist infinitely many different degrees: deg1(B1),

deg1(B2), . . . < deg1(A) such that, for all i and j , Ii = 〈(·,deg1(Bi)]; ≤,∪,∩〉 ∼=
〈(·,deg1(Bj )]; ≤,∪,∩〉 = Ij .

Proof. LetB be the set constructed in Lemma 20, and censBi
(n) = censB(n+i)−i.

Obviously, for any i and j , Bi <
p

1 Bj if and only if i > j . We have to give an
isomorphism between Ii and Ij (i < j). For any X ≤p

1 Bi , let censY (n) =
censX(n + j − i) − (j − i) and let F(deg1(X)) = deg1(Y ). Then it is easily
checked that F is an isomorphism between Ii and Ij . �

We conclude this section with several straightforward observations (without
proofs) on the relationships between D̂ and S.

Theorem 26. 1. For A ∈ S and B ∈ PT , if B ≤p

1 A then B ∈ S.

2. For A ∈ D̂, there exists B ∈ S such that B ≤p

1 A if and only if deg1(A) is
cuppable to 1.

3. For A,B ∈ S such that deg1(B) < deg1(A). There exist f, g ∈ PTGF such
that 〈[f, g]; ≤,∪,∩〉 can be embedded into 〈[deg1(B),deg1(A)]; ≤,∪,∩〉
preserving the least or the greatest element. Moreover, if A ≡# B or Ā ≡# B̄,
then 〈[deg1(B),deg1(A)]; ≤,∪,∩〉 ∼= 〈[f, g]; ≤,∪,∩〉.
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In this paper we have discussed the isomorphic type structure of PT . However,
we were unable to get any (un)decidability results on the first-order or second-order
theory of the structure 〈deg1(PT );<,∪,∩〉. It would be interesting to characterize
this structure completely or to prove a negative result: the first-order theory of this
structure is undecidable.

Acknowledgements. I would like to thank my thesis advisor Professor Klaus Ambos-Spies
for telling me to do the research reported here, and to thank him for many discussions during
the writing of this paper, especially he proposed the partition of PT into the six parts. I
would also like to thank one anonymous referee for his detailed constructive suggestion on
the improvement of the presentation of this paper, especially he suggested the use of PTGF
(instead of PTCF) which greatly simplifies several proofs in section 3. The current proof of
Theorem 2 and the formulation of the set B in the proof of Lemma 20 are also suggested by
him.

References

1. Ambos-Spies, K.: On the structure of polynomial time degrees. In: Proc. of STACS 84,
Lecture Notes in Comput. Sci. 166, pages 198–208, Springer Verlag, 1984

2. Ambos-Spies, K.: On the relative complexity of subproblems of intractable problems.
In: Proc. of STACS 85, Lecture Notes in Comput. Sci. 182, pages 1–12, Springer Verlag,
1985

3. Ambos-Spies, K.: On the structure of the polynomial time degrees of recursive sets.
Fachbereich Informatik, Universität Dortmund, Habilitationsschrift, 1985

4. Ambos-Spies, K.: Sublattices of the polynomial time degrees. Inform. and Control, 65,
63–84 (1985)

5. Ambos-Spies, K.: An inhomogeneity in the structure of Karp degrees. SIAM J. on Com-
put., 15, 958–963 (1986)

6. Balbes, R., Dwinger, P.: Distributive Lattices. University of Missouri Press, 1974
7. Berman, L., Hartmanis, J.: On isomorphism and density of NP and other complete sets.

SIAM J. on Comput., 6, 305–322 (1977)
8. Burris, S., Mckenzie, R.: Decidability and Boolean Representations. Memoirs of the

American Mathematical Society, Providence Rhode Island, 1981
9. Chew, P., Machtey, M.: A note on structure and looking-back applied to the relative

complexity of computer science. J. Comput. System Sci., 22, 53–59 (1981)
10. Cook, S.A.: The complexity of theorem proving procedures. In: Proc. Third Annual

ACM Symp. on Theory of Comp., pages 151–158 (1971)
11. Grätzer, G.: General Lattice Theory Birkhäuser Verlag, Basel und Stuggart, 1978
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