Information

P o Processing
0 ) Letters
ELSEVIER Information Processing Letters 61 (1997) 1-6

NP-hard sets are superterse unless NP is small
Yongge Wang '
Max-Planck-Institut fiir Informatik, Im Stadiwald, D-66123 Saarbriicken, Germany
Received 26 February 1996; revised 22 October 1996
Communicated by L.A. Hemaspaandra
Abstract

We show that the class P-mc(n) of polynomial time n-membership comparable sets (defined by Ogihara, 1995) has
p-measure 0. Using this result, we will show that the class of sets which are <J-reducible to some P-selective set has
p-measure 0. Furthermore, we will show that if NP does not have p-measure 0 then no </-hard set for NP is P-approximable.
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1. Introduction

One of the important questions in computational
complexity theory is whether every NP problem is
solvable by polynomial time circuits, i.e., NP C?
P/poly. Furthermore, it has been asked what the de-
terministic time complexity of NP is, if NP C P/poly.
That is, if NP is easy in the nonuniform complexity
measure, how easy is NP in the uniform complex-
ity measure? It is well known that Py (SPARSE) =
P/poly, where Pt(SPARSE) is the class of languages
that are polynomial time Turing reducible to some
sparse sets. Hence the above question is equivalent to
the following question:

NP C? P1(SPARSE).
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It has been shown by Wilson [23] that this question is
oracle dependent. Hence it seems difficult to give an
absolute answer to this question at present. In the past,
many efforts have been made to consider the ques-
tion whether NP is not included in some subclasses of
Pr(SPARSE). Since Pt(SPARSE) is the class of lan-
guages that are Turing reducible to some sparse sets,
one way of obtaining subclasses of Pr(SPARSE) is
to consider some restrictions on the reducibility. For
example, Mahaney [ 16] showed that if all NP sets are
many-one reducible to some sparse set, then P = NP.
Subsequently this result was improved by Ogihara and
Watanabe [ 18] to truth-table reducibility with a con-
stant number of queries, i.e.,

NP # P = NP Z P,,(SPARSE).

Other subclasses of Pr(SPARSE) are obtained by
considering the P-selective sets introduced by Selman
[19]. A set A is P-selective if there exists a polynomial
time computable function that selects one of two given
input strings such that if any one of the two strings
is in A, then so is the selected one. Let SELECT de-
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note the class of P-selective sets. Then we know the
following facts:
(i) (Selman and Ko (see [20])) Pr(SPARSE) =
Pr(SELECT).
(ii) (Watanabe (see [20])) Pp(SELECT) ¢
P, (SELECT).
Regarding our above question, the following results
are known:
(i) (Selman [19]) If P # NP, then NP &
P,,(SELECT).
(i1) (Agrawal and Arvind [1], Beigel et al. [6],
Ogihara [17]) If P # NP, then NP ¢
P, (SELECT) for all @ < 1.
(1ii) (Beigel [5]) IfP # UPorR # NP,then NP ¢
P, (SELECT).
It seems difficult to remove the condition @ < | in
(ii). In the following, however, we will remove this
condition under a stronger but reasonable hypothesis.
We show that

up(NP) # 0 = NP P, (SELECT).

Many evidences have been presented by Lutz and

Mayordomo [ 14] and Kautz and Miltersen [11] that

this stronger hypothesis is reasonable. For example,

the following results are known:

(i) (Lutz and Mayordomo [13]) If u,(NP) # 0,
then there exists an NP search problem which
is not reducible to the corresponding decision
problem.

(i1) (Lutz and Mayordomo [13]) If u,(NP) # O,
then the “Cook versus Karp-Levin” conjecture
holds for NP.

(iii) (Lutz and Mayordomo [14]) If u,(NP) # 0,
then, for every real number & < 1, every <! -
hard language for NP is dense.

(iv) (Kautz and Miltersen {11]) For a Martin-Lof
random language A, ,u,‘,‘(NPA) #+ 0.

We also give a partial affirmative answer to a con-
jecture by Beigel et al. [6]. They conjectured that ev-
ery </-hard set for NP is P-superterse unless P = NP.
We will prove that every </-hard set for NP is P-
superterse unless NP has p-measure 0.

It should be noted that we obtained our above re-
sults by showing that the class P-mc(n) of polyno-
mial time n-membership comparable sets (defined by
Ogihara [17]) has p-measure 0. This result is of in-
dependent interest in the study of complexity classes.
In [24], Zimand has shown that [ J, .y P-mc(c) has

p-measure 0, our result is stronger than Zimand’s re-
sult,

We close this section by introducing some notation.
N and Q (Q7) are the set of natural numbers and the
set of (nonnegative) rational numbers, respectively.

3 = {0,1} is the binary alphabet, 3* is the set
of (finite) binary strings, and 3" is the set of binary
strings of length n. The length of a string x is denoted
by |x|. < is the length-lexicographical ordering on 2*
and z, (n 2 0) is the nth string under this ordering.
A is the empty string. For strings x, y € 3™, xy is the
concatenation of x and y.

A subset of 3™ is called a language, a problem or
simply a set. Italic capital letters are used to denote
subsets of 3™ and roman capital letters are used to
denote subsets of 3°°. The cardinality of a language
A is denoted by ||A|. We identify a language A with
its characteristic function, i.e., x € A iff A(x) = 1.
For a language A C X" and astring x € 3*, A | x
denotes the finite initial segment of A below x, i.e.,
Alx={y]|y<xandy € A}, and we identify
this initial segment with its characteristic string, i.e.,
Al zy=A(2) -A(z—y) € 2"

We will use P and E to denote the complexity classes
DTIME (poly) and DTIME(2""4"), respectively.

2. Resource bounded measure

In this section, we introduce a fragment of Lutz’s
effective measure theory which will be sufficient for
our investigation.

Definition 1. A martingale is a function F : 3* —
R* such that, for all x € 2,

F(x) = $(F(x1) + F(x0)).
A martingale F succeeds on a set A if
limsupF(A [ z,) = oc.
n
S$°°[ F] denotes the class of sets on which the martin-
gale F succeeds.

Definition 2. A set A is n*-random if there is no n*-

time computable martingale F which succeeds on A.

Definition 3. (Lutz [12]) A class C of sets has p-
measure 0 (u,(C) = 0) if there is a polynomial time






